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▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s
❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r
❋r❛♥ç♦✐s ▲❡ ●❧❛♥❞∗ ✱ ❱❛❧ér✐❡ ▼♦♥❜❡t∗∗ ✱ ❱✉✕❉✉❝ ❚r❛♥∗∗
❚❤è♠❡ ✿ ▼♦❞è❧❡s ❡t ♠ét❤♦❞❡s st♦❝❤❛st✐q✉❡s
➱q✉✐♣❡✲Pr♦❥❡t ❆❙P■
❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✵✶✹ ✖ ❆♦ût ✷✵✵✾ ✖ ✷✺ ♣❛❣❡s
❆❜str❛❝t✿ ❚❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✭❊♥❑❋✮ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❛s ❛ ▼♦♥t❡ ❈❛r❧♦✱ ❞❡r✐✈❛t✐✈❡✕❢r❡❡✱ ❛❧✲
t❡r♥❛t✐✈❡ t♦ t❤❡ ❡①t❡♥❞❡❞ ❑❛❧♠❛♥ ✜❧t❡r✱ ❛♥❞ ✐s ♥♦✇ ✇✐❞❡❧② ✉s❡❞ ✐♥ s❡q✉❡♥t✐❛❧ ❞❛t❛ ❛ss✐♠✐❧❛t✐♦♥✱ ✇❤❡r❡ st❛t❡
✈❡❝t♦rs ♦❢ ❤✉❣❡ ❞✐♠❡♥s✐♦♥ ✭❡✳❣✳ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞s ♦✈❡r ❛ ❝♦♥t✐♥❡♥t✱
❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ♠❡t❡♦r♦❧♦❣②✮ s❤♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ♥♦✐s② ♠❡❛s✉r❡♠❡♥ts ✭❡✳❣✳ ❝♦❧❧❡❝t❡❞ ❛t s♣❛rs❡ ✐♥✕s✐t✉
st❛t✐♦♥s✮✳ ❊✈❡♥ ✐❢ t❤❡ st❛t❡ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ❡q✉❛t✐♦♥s ❛r❡ ❧✐♥❡❛r ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡✱ ❝♦♠♣✉t✲
✐♥❣ ❛♥❞ st♦r✐♥❣ t❤❡ ❡rr♦r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r ✐s ♣r❛❝t✐❝❛❧❧② ✐♠♣♦ss✐❜❧❡✱ ❛♥❞ ✐t ❤❛s
❜❡❡♥ ♣r♦♣♦s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ✜❧t❡r✐♥❣ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ s❛♠♣❧❡ ✭❡♥s❡♠❜❧❡✮ ♦❢ ❛ ❢❡✇ ❡❧❡♠❡♥ts ❛♥❞ t♦ t❤✐♥❦ ♦❢
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥tr❛❝t❛❜❧❡ ❡rr♦r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳
❊①t❡♥s✐♦♥s t♦ ♥♦♥❧✐♥❡❛r st❛t❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞✳
❙✉r♣r✐s✐♥❣❧②✱ ✈❡r② ❧✐tt❧❡ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❊♥❑❋✱ ✇❤❡r❡❛s ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ♠❛♥② ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ♣❛rt✐❝❧❡ ✜❧t❡rs ✐s ✇❡❧❧ ✉♥❞❡rst♦♦❞✱ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
❣♦❡s t♦ ✐♥✜♥✐t②✳ ■♥t❡r♣r❡t✐♥❣ t❤❡ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts ❛s ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ✇✐t❤ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥s
✭❛♥❞ ♥♦t ♠❡r❡❧② ❛s ❛♥ ✐♥str✉♠❡♥t❛❧ ❞❡✈✐❝❡ ♣r♦❞✉❝✐♥❣ t❤❡ ❡♥s❡♠❜❧❡ ♠❡❛♥ ✈❛❧✉❡ ❛s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❤✐❞❞❡♥
st❛t❡✮✱ ✇❡ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❊♥❑❋✱ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ r❛t❡ 1/
√
N ✱ ❛s t❤❡ ♥✉♠❜❡r N ♦❢ ❡♥s❡♠❜❧❡
❡❧❡♠❡♥ts ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t②✳ ■♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts
✐s t❤❡ ✉s✉❛❧ ✭●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡✮ ❑❛❧♠❛♥ ✜❧t❡r✱ ❛s ❡①♣❡❝t❡❞✱ ❜✉t ✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡
♦❢ ❛ ♥♦♥❧✐♥❡❛r st❛t❡ ❡q✉❛t✐♦♥ ✇✐t❤ ❧✐♥❡❛r ♦❜s❡r✈❛t✐♦♥s✱ t❤✐s ❧✐♠✐t ❞✐✛❡rs ❢r♦♠ t❤❡ ✉s✉❛❧ ❇❛②❡s✐❛♥ ✜❧t❡r✳ ❚♦ ❣❡t
t❤❡ ❝♦rr❡❝t ❧✐♠✐t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❡❝❤❛♥✐s♠ t❤❛t ❣❡♥❡r❛t❡s t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❊♥❑❋ s❤♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ❛ ♣r♦♣♦s❛❧ ✐♠♣♦rt❛♥❝❡ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❛♣♣r♦♣r✐❛t❡ ✐♠♣♦rt❛♥❝❡ ✇❡✐❣❤ts s❤♦✉❧❞ ❜❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ❡♥s❡♠❜❧❡
❡❧❡♠❡♥ts✳
❑❡②✲✇♦r❞s✿ s❡q✉❡♥t✐❛❧ ❞❛t❛ ❛ss✐♠✐❧❛t✐♦♥✱ ❑❛❧♠❛♥ ✜❧t❡r✱ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✭❊♥❑❋✮✱ ❇❛②❡s✐❛♥ ✜❧t❡r✱
♣❛rt✐❝❧❡ ✜❧t❡r✱ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥✱ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s✳
❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② ■◆❘■❆✱ ✉♥❞❡r t❤❡ ♣r♦❥❡❝t ❉❛t❛ ❆ss✐♠✐❧❛t✐♦♥ ❢♦r ❆✐r ◗✉❛❧✐t② ✭❆❘❈ ♣r♦❣r❛♠♠❡ ✷✵✵✺✕
✷✵✵✻✮✱ ❛♥❞ ❜② ❛ P❤❉ ❣r❛♥t ❢r♦♠ t❤❡ ❇r❡t❛❣♥❡ r❡❣✐♦♥✳
∗ ■◆❘■❆ ❘❡♥♥❡s ✖ ❇r❡t❛❣♥❡ ❆t❧❛♥t✐q✉❡✱ ❈❛♠♣✉s ❞❡ ❇❡❛✉❧✐❡✉✱ ✸✺✵✹✷ ❘❊◆◆❊❙ ❈é❞❡①✱ ❋r❛♥❝❡✳ ✖ ❧❡❣❧❛♥❞❅✐r✐s❛✳❢r
∗∗ ❯♥✐✈❡rs✐té ❞❡ ❇r❡t❛❣♥❡✕❙✉❞✱ ❈❛♠♣✉s ❞❡ ❚♦❤❛♥♥✐❝✱ ✺✻✵✶✼ ❱❆◆◆❊❙ ❈é❞❡①✱ ❋r❛♥❝❡✳ ✖ ④♠♦♥❜❡t✱✈✉✲❞✉❝✳tr❛♥⑥❅✉♥✐✈✲✉❜s✳❢r
❈♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡
❞✉ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥ ❞✬❡♥s❡♠❜❧❡
❘és✉♠é ✿ ▲❡ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥ ❞✬❡♥s❡♠❜❧❡ ❛ été ♣r♦♣♦sé à ❧✬♦r✐❣✐♥❡ ❝♦♠♠❡ ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ❞❡ t②♣❡ ▼♦♥t❡✕
❈❛r❧♦✱ s❛♥s ❞ér✐✈é❡s✱ ❛✉ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥ ét❡♥❞✉✱ ❡t ✐❧ ❡st ♠❛✐♥t❡♥❛♥t ❧❛r❣❡♠❡♥t ✉t✐❧✐sé ❡♥ ❛ss✐♠✐❧❛t✐♦♥ ❞❡ ❞♦♥♥é❡s
séq✉❡♥t✐❡❧❧❡✱ ♦ù ✐❧ s✬❛❣✐t ❞✬❡st✐♠❡r ✉♥ ✈❡❝t❡✉r ❞✬ét❛t ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥ ✭❡✳❣✳ ♦❜t❡♥✉ ❛♣rès ❞✐s❝rét✐s❛t✐♦♥
❞❡ ❝❤❛♠♣s ❞❡ ♣r❡ss✐♦♥ ♦✉ ❞❡ ✈✐t❡ss❡ à ❧✬é❝❤❡❧❧❡ ❞✬✉♥ ❝♦♥t✐♥❡♥t✱ ❝♦♠♠❡ ❡♥ ♠été♦r♦❧♦❣✐❡✮ à ♣❛rt✐r ❞❡ ♠❡s✉r❡s
❜r✉✐té❡s ✭❡✳❣✳ r❡❝✉❡✐❧❧✐❡s ❛✉ ♥✐✈❡❛✉ ❞❡ st❛t✐♦♥s ré♣❛rt✐❡s ❛✉ s♦❧✮✳ ▼ê♠❡ s✐ ❧❡s éq✉❛t✐♦♥s ❞✬ét❛t ❡t ❞✬♦❜s❡r✈❛t✐♦♥
s♦♥t ❧✐♥é❛✐r❡s✱ ❛✈❡❝ ❞❡s ❜r✉✐ts ❛❞❞✐t✐❢s ❣❛✉ss✐❡♥s✱ ❝❛❧❝✉❧❡r ❡t ❝♦♥s❡r✈❡r ❡♥ ♠é♠♦✐r❡ ❧❡s ♠❛tr✐❝❡s ❞❡ ❝♦✈❛r✐❛♥❝❡
❞✬❡rr❡✉r ✐♠♣❧✐q✉é❡s ❞❛♥s ❧❡ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥ ❡st ✐♠♣♦ss✐❜❧❡ ❡♥ ♣r❛t✐q✉❡✱ ❡t ✐❧ ❛ été ♣r♦♣♦sé ❞❡ r❡♣rés❡♥t❡r ❧❛
❞✐str✐❜✉t✐♦♥ ❞❡ ✜❧tr❛❣❡ à ❧✬❛✐❞❡ ❞✬✉♥ é❝❤❛♥t✐❧❧♦♥ ✭❡♥s❡♠❜❧❡✮ ❞❡ q✉❡❧q✉❡s é❧é♠❡♥ts ❡t ❞❡ ✈♦✐r ❞❛♥s ❧❛ ♠❛tr✐❝❡ ❞❡
❝♦✈❛r✐❛♥❝❡ ❡♠♣✐r✐q✉❡ ❛ss♦❝✐é❡ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞✬❡rr❡✉r✳ ❉❡s ❡①t❡♥s✐♦♥s ❛✉ ❝❛s
❞✬éq✉❛t✐♦♥s ❞✬ét❛t ♥♦♥✕❧✐♥é❛✐r❡s ♦♥t é❣❛❧❡♠❡♥t été ♣r♦♣♦sé❡s✳
❈✉r✐❡✉s❡♠❡♥t✱ très ♣❡✉ ❞❡ rés✉❧t❛ts s♦♥t ❝♦♥♥✉s s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✉ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥
❞✬❡♥s❡♠❜❧❡✱ ❛❧♦rs q✉❡ ♣❛r ❛✐❧❧❡✉rs ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡ très ♥♦♠❜r❡✉s❡s ❝❧❛ss❡s ❞❡ ✜❧tr❡s ♣❛rt✐❝✉✲
❧❛✐r❡s ❡st ❜✐❡♥ ❝♦♠♣r✐s✱ q✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s ❝r♦ît ✈❡rs ❧✬✐♥✜♥✐✳ ❊♥ ✐♥t❡r♣rét❛♥t ❧❡s é❧é♠❡♥ts ❞✬❡♥s❡♠❜❧❡
❝♦♠♠❡ ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ♣❛rt✐❝✉❧❡s ❡♥ ✐♥t❡r❛❝t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✭❡t ♣❛s s❡✉❧❡♠❡♥t ❝♦♠♠❡ ✉♥ ♣r♦❝é❞é ✐♥s✲
tr✉♠❡♥t❛❧ ♣r♦❞✉✐s❛♥t ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❝♦♠♠❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬ét❛t ❝❛❝❤é✮✱ ♥♦✉s ♠♦♥tr♦♥s ❧❛
❝♦♥✈❡r❣❡♥❝❡ ❞✉ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥ ❞✬❡♥s❡♠❜❧❡✱ ❛✈❡❝ ❧❛ ✈✐t❡ss❡ ❝❧❛ss✐q✉❡ ❡♥ 1/
√
N ✱ q✉❛♥❞ ❧❡ ♥♦♠❜r❡ N ❞✬é❧é♠❡♥ts
❞✬❡♥s❡♠❜❧❡ ❝r♦ît ✈❡rs ❧✬✐♥✜♥✐✳ ❉❛♥s ❧❡ ❝❛s ❧✐♥é❛✐r❡✱ ❧❛ ❧✐♠✐t❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❡s é❧é♠❡♥ts ❞✬❡♥s❡♠❜❧❡
❡st ✭❧❛ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ❛ss♦❝✐é❡ ❛✈❡❝✮ ❧❡ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥✱ s❛♥s s✉r♣r✐s❡✱ ♠❛✐s ❞❛♥s ❧❡ ❝❛s ♣❧✉s ❣é♥ér❛❧
❞✬✉♥❡ éq✉❛t✐♦♥ ❞✬ét❛t ♥♦♥✕❧✐♥é❛✐r❡ ❛✈❡❝ ♦❜s❡r✈❛t✐♦♥s ❧✐♥é❛✐r❡s✱ ❝❡tt❡ ❧✐♠✐t❡ ♥❡ ❝♦ï♥❝✐❞❡ ♣❛s ❛✈❡❝ ❧❡ ✜❧tr❡ ❜❛②é✲
s✐❡♥✳ P♦✉r ♦❜t❡♥✐r ❧❛ ❧✐♠✐t❡ ❝♦rr❡❝t❡ ❞❛♥s ❝❡ ❝❛s✱ ❧❡ ♠é❝❛♥✐s♠❡ q✉✐ ♣r♦❞✉✐t ❧❡s é❧é♠❡♥ts ❞✉ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥
❞✬❡♥s❡♠❜❧❡ ❞♦✐t êtr❡ ✐♥t❡r♣rété ❝♦♠♠❡ ✉♥❡ ♣r♦♣♦s✐t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞✬✐♠♣♦rt❛♥❝❡✱ ❡t ❧❡s ♣♦✐❞s ❞✬✐♠♣♦rt❛♥❝❡
❝♦rr❡s♣♦♥❞❛♥ts ❞♦✐✈❡♥t êtr❡ ❛ttr✐❜✉és ❛✉① é❧é♠❡♥ts ❞✬❡♥s❡♠❜❧❡✳
▼♦ts✲❝❧és ✿ ❛ss✐♠✐❧❛t✐♦♥ ❞❡ ❞♦♥♥é❡s séq✉❡♥t✐❡❧❧❡✱ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥✱ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥ ❞✬❡♥s❡♠❜❧❡✱ ✜❧tr❡
❜❛②és✐❡♥✱ ✜❧tr❡ ♣❛rt✐❝✉❧❛✐r❡✱ ✐♥t❡r❛❝t✐♦♥ ❡♥ ❝❤❛♠♣ ♠♦②❡♥✱ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❝❤❛♦s✳
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✶
✶ ■♥tr♦❞✉❝t✐♦♥
❚❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✭❊♥❑❋✮ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❬✾❪ ❛s ❛ ▼♦♥t❡ ❈❛r❧♦✱ ❞❡r✐✈❛t✐✈❡✕❢r❡❡✱ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡
❡①t❡♥❞❡❞ ❑❛❧♠❛♥ ✜❧t❡r✱ ❛♥❞ ✐s ♥♦✇ ✇✐❞❡❧② ✉s❡❞ ✐♥ s❡q✉❡♥t✐❛❧ ❞❛t❛ ❛ss✐♠✐❧❛t✐♦♥ ❬✶✶❪✱ ✇❤❡r❡ st❛t❡ ✈❡❝t♦rs ♦❢ ❤✉❣❡
❞✐♠❡♥s✐♦♥ ✭❡✳❣✳ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞s ♦✈❡r ❛ ❝♦♥t✐♥❡♥t✱ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥
♠❡t❡♦r♦❧♦❣②✮ s❤♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ♥♦✐s② ♠❡❛s✉r❡♠❡♥ts ✭❡✳❣✳ ❝♦❧❧❡❝t❡❞ ❛t s♣❛rs❡ ✐♥✕s✐t✉ st❛t✐♦♥s✮✳ ❊✈❡♥ ✐❢
t❤❡ st❛t❡ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ❡q✉❛t✐♦♥s ❛r❡ ❧✐♥❡❛r ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡✱ ❝♦♠♣✉t✐♥❣ ❛♥❞ st♦r✐♥❣ t❤❡
❡rr♦r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r ✐s ♣r❛❝t✐❝❛❧❧② ✐♠♣♦ss✐❜❧❡✱ ❛♥❞ ✐t ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ t♦
r❡♣r❡s❡♥t t❤❡ ✜❧t❡r✐♥❣ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ s❛♠♣❧❡ ✭❡♥s❡♠❜❧❡✮ ♦❢ ❛ ❢❡✇ ❡❧❡♠❡♥ts ❛♥❞ t♦ t❤✐♥❦ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥tr❛❝t❛❜❧❡ ❡rr♦r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❊①t❡♥s✐♦♥s t♦
♥♦♥❧✐♥❡❛r st❛t❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞✳
❆ ♣r❡❝✐s❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❊♥❑❋ ✐s ♣r♦✈✐❞❡❞ ✐♥ ❬✸✱ ✷✱ ✶✵❪ ❛♥❞ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ♦t❤❡r ▼♦♥t❡
❈❛r❧♦✕❜❛s❡❞ ♥♦♥❧✐♥❡❛r ✜❧t❡rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✻✱ ✶✱ ✶✽✱ ✶✹❪✳ ❚❤❡ ❊♥❑❋ ❤❛s ❣❛✐♥❡❞ ♣♦♣✉❧❛r✐t② ❜❡❝❛✉s❡ ♦❢ ✐ts
s✐♠♣❧❡ ❝♦♥❝❡♣t✉❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ✐ts ❡❛s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐t r❡q✉✐r❡s ♥♦ ♠♦❞✐✜❝❛t✐♦♥ ♦❢
t❤❡ ❢♦r❡❝❛st ♠♦❞❡❧✳ ❙✐♠✉❧❛t✐♦♥ st✉❞✐❡s ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❊♥❑❋ t♦ ❡✣❝✐❡♥t❧② ❤❛♥❞❧❡ str♦♥❣❧②
♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ❛♥❞ ❤✐❣❤✕❞✐♠❡♥s✐♦♥❛❧ st❛t❡ s♣❛❝❡s ❛♥❞ ✐t ✐s ♥♦✇ ✇✐❞❡❧② ✉s❡❞ ✐♥ r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤
♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥ ♠♦❞❡❧s ❢♦r t❤❡ ♦❝❡❛♥ ❛♥❞ ❛t♠♦s♣❤❡r❡✳
❙✉r♣r✐s✐♥❣❧②✱ ✈❡r② ❧✐tt❧❡ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❊♥❑❋✱ ✇❤❡r❡❛s ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ♠❛♥② ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ♣❛rt✐❝❧❡ ✜❧t❡rs ✐s ✇❡❧❧ ✉♥❞❡rst♦♦❞✱ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
❣♦❡s t♦ ✐♥✜♥✐t②✱ s❡❡ ❬✺❪ ♦r ❬✹✱ ✻✱ ✼❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ■♥t❡r♣r❡t✐♥❣ t❤❡ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts ❛s ❛ ♣♦♣✉❧❛t✐♦♥
♦❢ ♣❛rt✐❝❧❡s ✇✐t❤ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥s ✭❛♥❞ ♥♦t ♠❡r❡❧② ❛s ❛♥ ✐♥str✉♠❡♥t❛❧ ❞❡✈✐❝❡ ♣r♦❞✉❝✐♥❣ t❤❡ ❡♥s❡♠❜❧❡
♠❡❛♥ ✈❛❧✉❡ ❛s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❤✐❞❞❡♥ st❛t❡✮✱ ✇❡ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❊♥❑❋✱ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ r❛t❡
1/
√
N ✱ ❛s t❤❡ ♥✉♠❜❡r N ♦❢ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t②✳ ■♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts ✐s t❤❡ ✉s✉❛❧ ✭●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡✮ ❑❛❧♠❛♥ ✜❧t❡r✱ ❛s
❡①♣❡❝t❡❞✱ ❜✉t ✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛ ♥♦♥❧✐♥❡❛r st❛t❡ ❡q✉❛t✐♦♥ ✇✐t❤ ❧✐♥❡❛r ♦❜s❡r✈❛t✐♦♥s✱ t❤✐s ❧✐♠✐t ❞✐✛❡rs
❢r♦♠ t❤❡ ✉s✉❛❧ ❇❛②❡s✐❛♥ ✜❧t❡r✳ ❚♦ ❣❡t t❤❡ ❝♦rr❡❝t ❧✐♠✐t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❡❝❤❛♥✐s♠ t❤❛t ❣❡♥❡r❛t❡s t❤❡ ❡❧❡♠❡♥ts
✐♥ t❤❡ ❊♥❑❋ s❤♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣r♦♣♦s❛❧ ✐♠♣♦rt❛♥❝❡ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❛♣♣r♦♣r✐❛t❡ ✐♠♣♦rt❛♥❝❡ ✇❡✐❣❤ts
s❤♦✉❧❞ ❜❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts✳
✶✳✶ ❊♥❑❋ ❛s ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ●❛✉ss✐❛♥ s②st❡♠
Xk = Fk Xk−1 +Wk ✇✐t❤ Wk ∼ N(0, Qk)
Yk = Hk Xk + Vk ✇✐t❤ Vk ∼ N(0, Rk) ,
✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ ●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X0 ∼ N(m0,Σ0)✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t
t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Rk ✐s ✐♥✈❡rt✐❜❧❡✳ ❈❧❡❛r❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❤✐❞❞❡♥ st❛t❡ Xk
❣✐✈❡♥ t❤❡ ♣❛st ♦❜s❡r✈❛t✐♦♥s Y0:k = (Y0, · · · , Yk) ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r X̂k ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Pk
✇❤✐❝❤ s❛t✐s❢② t❤❡ ❑❛❧♠❛♥ ✜❧t❡r ❡q✉❛t✐♦♥s ✿ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ✭❢♦r❡❝❛st✮ st❡♣
X̂−k = Fk X̂k−1 ❛♥❞ P
−
k = Fk Pk−1 F
∗
k +Qk ,
✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ✭❛♥❛❧②s✐s✮ st❡♣
X̂k = X̂
−
k +Kk (Yk −Hk X̂−k ) ❛♥❞ Pk = (I −Kk Hk) P−k ,
✇✐t❤ t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐① ❞❡✜♥❡❞ ❜②
Kk = P
−
k H
∗
k (Hk P
−
k H
∗
k +Rk)
−1 ,
❛♥❞ ✐♥✐t✐❛❧❧② X̂−0 = m0 ❛♥❞ P
−
0 = Σ0✳ ■❢ t❤❡ ❞✐♠❡♥s✐♦♥ m ♦❢ t❤❡ ❤✐❞❞❡♥ st❛t❡ ✐s ❧❛r❣❡✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s
Pk−1 ❛♥❞ P
−
k ❛r❡ ✈❡r② ❧❛r❣❡ m ×m s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✱ ❤❡♥❝❡ st♦r✐♥❣ s✉❝❤ ♠❛tr✐❝❡s ✐♥ ♠❡♠♦r② ✭❛♥❞ st♦r✐♥❣
t❤❡ m×m ♠❛tr✐① Fk ❛s ✇❡❧❧✮ ✐s ❛❧♠♦st ✐♠♣♦ss✐❜❧❡✱ ❛♥❞ t❤❡ ♠❛tr✐① ♣r♦❞✉❝ts ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡q✉❛t✐♦♥
P−k = Fk Pk−1 F
∗
k +Qk ,
❘❘ ♥➦ ✼✵✶✹
✷ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
❛r❡ ❡✈❡♥ ♠♦r❡ ♣r♦❜❧❡♠❛t✐❝ t♦ ✇♦r❦ ♦✉t✳ ❯s✉❛❧❧②✱ t❤❡ ❞✐♠❡♥s✐♦♥ d ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ✐s ♠✉❝❤ ❧❡ss✱ ❛♥❞ t❤❡ ♠❛tr✐①
♣r♦❞✉❝ts ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐①
Kk = P
−
k H
∗
k (Hk P
−
k H
∗
k +Rk)
−1 ,
♦r ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ❡q✉❛t✐♦♥
Pk = (I −Kk Hk) P−k = P−k − P−k H∗k (Hk P−k H∗k +Rk)−1 Hk P−k ,
❛r❡ ♠✉❝❤ ❧❡ss ♣r♦❜❧❡♠❛t✐❝ t♦ ✇♦r❦ ♦✉t✳
❚❤❡ ✐❞❡❛ ❬✸✱ ✷✱ ✶✵❪ ❜❡❤✐♥❞ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✭❊♥❑❋✮ ✐s t♦ ✉s❡ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡s ❛♥❞ t♦ ✉s❡
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐♥st❡❛❞ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ■♥ ♣r❛❝t✐❝❡✱ ❣✐✈❡♥
❛♥ ❛♥❛❧②s✐s ❡♥s❡♠❜❧❡ (X1,ak−1, · · · , XN,ak−1) ♦❢ N ❡❧❡♠❡♥ts✱ ❡❛❝❤ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥t ✐s ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②
❛❝❝♦r❞✐♥❣ t♦
Xi,fk = Fk X
i,a
k−1 +W
i
k ✇✐t❤ W
i
k ∼ N(0, Qk) .
◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (W 1k , · · · ,WNk ) ❛r❡ s✐♠✉❧❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡ Wk ✐♥ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ❡♥s❡♠❜❧❡ (X
1,f
0 , · · · , XN,f0 ) ✐s s✐♠✉❧❛t❡❞ ❛s ✐✳✐✳❞✳
●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❡❝t♦rs ✇✐t❤ ♠❡❛♥ m0 ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ0✱ ✐✳❡✳ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ X0✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❢♦r❡❝❛st ❡❧❡♠❡♥ts (X
1,f
k , · · · , XN,fk ) ❛r❡
❞❡✜♥❡❞ ❛s
mNk =
1
N
N∑
i=1
Xi,fk ❛♥❞ P
N
k =
1
N
N∑
i=1
(Xi,fk −mNk ) (Xi,fk −mNk )∗ ,
r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s t❤❡♥ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ st❡♣ ❛s ❢♦❧❧♦✇s
Xi,ak = X
i,f
k +K
N
k (Yk −Hk Xi,fk − V ik ) ✇✐t❤ V ik ∼ N(0, Rk) ,
✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐① ❞❡✜♥❡❞ ❜②
KNk = P
N
k H
∗
k (Hk P
N
k H
∗
k +Rk)
−1 .
◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (V 1k , · · · , V Nk ) ❛r❡ s✐♠✉❧❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡ Vk ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♦❜s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡ r❛t✐♦♥❛❧❡ ❜❡❤✐♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ✐✳✐✳❞✳
r❛♥❞♦♠ ✈❡❝t♦rs ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✶✳ ■♥ ♣r❛❝t✐❝❡ ❤♦✇❡✈❡r✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① PNk ✐s ♥❡✈❡r
❝♦♠♣✉t❡❞ ♦r st♦r❡❞ ✿ ✐♥❞❡❡❞✱ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❛tr✐①✕✈❡❝t♦r ♣r♦❞✉❝t PNk u ✇❤❡r❡ u ✐s ❛ ✭❝♦❧✉♠♥✮ ✈❡❝t♦r ♦❢
❞✐♠❡♥s✐♦♥ m✱ ♦♥❧② N s❝❛❧❛r ♣r♦❞✉❝ts ♥❡❡❞ t♦ ❜❡ ❡✈❛❧✉❛t❡❞✱ s✐♥❝❡
PNk u = (
1
N
N∑
i=1
(Xi,fk −mNk ) (Xi,fk −mNk )∗) u =
1
N
N∑
i=1
λik (X
i,f
k −mNk ) ,
✇✐t❤ λik = (X
i,f
k −mNk )∗ u ❢♦r ❛♥② i = 1, · · · , N ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ Hk ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ d ✭r♦✇✮ ✈❡❝t♦rs
♦❢ ❞✐♠❡♥s✐♦♥ m✱ ❛♥❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❛tr✐① ♣r♦❞✉❝ts PNk H
∗
k ❛♥❞ Hk P
N
k H
∗
k ✱ ♦♥❧② N × d s❝❛❧❛r ♣r♦❞✉❝ts ♥❡❡❞
t♦ ❜❡ ❡✈❛❧✉❛t❡❞✱ s✐♥❝❡
PNk H
∗
k = (
1
N
N∑
i=1
(Xi,fk −mNk ) (Xi,fk −mNk )∗) H∗k =
1
N
N∑
i=1
(Xi,fk −mNk ) (hik)∗ ,
❛♥❞
Hk P
N
k H
∗
k = Hk (
1
N
N∑
i=1
(Xi,fk −mNk ) (Xi,fk −mNk )∗) H∗k =
1
N
N∑
i=1
hik (h
i
k)
∗ ,
✇✐t❤ hik = Hk (X
i,f
k −mNk ) ❢♦r ❛♥② i = 1, · · · , N ✳
❚❤❡ q✉❡st✐♦♥ t❤❛t ♥❛t✉r❛❧❧② ❛r✐s❡s ❤❡r❡ ✐s ✇❤❡t❤❡r t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ♦❢ ❢♦r❡❝❛st ❡❧❡♠❡♥ts ❛♥❞ ❛♥❛❧②s✐s
❡❧❡♠❡♥ts ❝♦♥✈❡r❣❡ t♦ t❤❡ ❑❛❧♠❛♥ ♣r❡❞✐❝t♦r ❛♥❞ ❑❛❧♠❛♥ ✜❧t❡r r❡s♣❡❝t✐✈❡❧②✱ ✐✳❡✳ ✇❤❡t❤❡r
1
N
N∑
i=1
Xi,fk −→ X̂−k ❛♥❞
1
N
N∑
i=1
Xi,ak −→ X̂k ,
✐♥ s♦♠❡ s❡♥s❡✱ ❛s N ↑ ∞✳
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✸
✶✳✷ ❊♥❑❋ ❛s ❛ ♣❛rt✐❝❧❡ s②st❡♠ ✇✐t❤ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥s
❚❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✐❞❡❛ ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ❛♥② s②st❡♠ ♦❢ t❤❡ ❢♦r♠
Xk = fk(Xk−1) +Wk ✇✐t❤ Wk ∼ N(0, Qk)
Yk = Hk Xk + Vk ✇✐t❤ Vk ∼ N(0, Rk) ,
✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ ♥♦♥✕♥❡❝❡ss❛r✐❧② ●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X0 ∼ η0✱ s❡❡ ❢♦r
✐♥st❛♥❝❡ ❬✷✱ ❙❡❝t✐♦♥ ✹❪✳ ■♥ ♣r❛❝t✐❝❡✱ ❣✐✈❡♥ ❛♥ ❛♥❛❧②s✐s ❡♥s❡♠❜❧❡ (X1,ak−1, · · · , XN,ak−1) ♦❢ N ❡❧❡♠❡♥ts✱ ❡❛❝❤ ❡♥s❡♠❜❧❡
❡❧❡♠❡♥t ✐s ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❞❡❝♦✉♣❧❡❞ ❡q✉❛t✐♦♥s
Xi,fk = fk(X
i,a
k−1) +W
i
k ✇✐t❤ W
i
k ∼ N(0, Qk) . ✭✶✮
◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (W 1k , · · · ,WNk ) ❛r❡ s✐♠✉❧❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡ Wk ✐♥ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ❡♥s❡♠❜❧❡ (X
1,f
0 , · · · , XN,f0 ) ✐s s✐♠✉❧❛t❡❞ ❛s ✐✳✐✳❞✳
r❛♥❞♦♠ ✈❡❝t♦rs ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ η0✱ ✐✳❡✳ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X0✳ ❚❤❡
❡♠♣✐r✐❝❛❧ ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❢♦r❡❝❛st ❡❧❡♠❡♥ts (X1,fk , · · · , XN,fk ) ❛r❡ ❞❡✜♥❡❞ ❛s
mNk =
1
N
N∑
i=1
Xi,fk ❛♥❞ P
N
k =
1
N
N∑
i=1
(Xi,fk −mNk ) (Xi,fk −mNk )∗ ,
r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s t❤❡♥ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ st❡♣ t♦ ♣r♦❞✉❝❡ ❛ ♥❡✇ ❛♥❛❧②s✐s
❡♥s❡♠❜❧❡ (X1,ak , · · · , XN,ak )✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s ✇✐t❤ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥
Xi,ak = X
i,f
k +Kk(P
N
k ) (Yk −Hk Xi,fk − V ik ) ✇✐t❤ V ik ∼ N(0, Rk) , ✭✷✮
✇❤❡r❡ t❤❡ m× d ♠❛tr✐① Kk(P ) ✐s ❞❡✜♥❡❞ ❜②
Kk(P ) = P H
∗
k (Hk P H
∗
k +Rk)
−1 , ✭✸✮
❢♦r ❛♥② m ×m ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P ✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (V 1k , · · · , V Nk ) ❛r❡ s✐♠✉❧❛t❡❞ ❤❡r❡✱
✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡ Vk ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♦❜s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳
❚❤❡ q✉❡st✐♦♥ t❤❛t ♥❛t✉r❛❧❧② ❛r✐s❡s ❤❡r❡ ✐s ✇❤❡t❤❡r t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✭✉♥✐❢♦r♠ ♠✐①t✉r❡
♦❢ ❉✐r❛❝ ♠❛ss❡s✮ ♦❢ ❢♦r❡❝❛st ❡❧❡♠❡♥ts ❛♥❞ ❛♥❛❧②s✐s ❡❧❡♠❡♥ts ❝♦♥✈❡r❣❡ t♦ t❤❡ ❇❛②❡s✐❛♥ ♣r❡❞✐❝t♦r ❛♥❞ ❇❛②❡s✐❛♥
✜❧t❡r r❡s♣❡❝t✐✈❡❧②✱ ✐✳❡✳ ✇❤❡t❤❡r
µN,fk =
1
N
N∑
i=1
δ
Xi,fk
−→ µ−k ❛♥❞ µN,ak =
1
N
N∑
i=1
δ
Xi,ak
−→ µk ,
✐♥ s♦♠❡ s❡♥s❡✱ ❛s N ↑ ∞✱ ✇❤❡r❡
µ−k (dx) = P[Xk ∈ dx | Y0:k−1] ❛♥❞ µk(dx) = P[Xk ∈ dx | Y0:k] ,
❜② ❞❡✜♥✐t✐♦♥✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❛♥❛❧②s✐s ❡q✉❛t✐♦♥✱ ✐t ✐s ❝❧❡❛r t❤❛t ❡❛❝❤ ❛♥❛❧②s✐s ❡❧❡♠❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❤♦❧❡
❢♦r❡❝❛st ❡♥s❡♠❜❧❡ (X1,fk , · · · , XN,fk )✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❞❡♣❡♥❞❡♥t ❛♥❛❧②s✐s ❡❧❡♠❡♥ts (X1,ak , · · · , XN,ak )✳ ◆♦t✐❝❡
❤♦✇❡✈❡r t❤❛t ❞❡♣❡♥❞❡♥❝❡ ❢♦❧❧♦✇s ❤❡r❡ ❢r♦♠ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥✱ ✐✳❡✳ ♦♥❧② t❤r♦✉❣❤ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ µN,fk ♦❢ ❢♦r❡❝❛st ❡❧❡♠❡♥ts✱ ❛♥❞ ❡✈❡♥ ♠♦r❡ ❡①♣❧✐❝✐t❧②✱ ♦♥❧② t❤r♦✉❣❤ t❤❡✐r ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
PNk ✳ ■♥t✉✐t✐✈❡❧②✱ s♦♠❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs s❤♦✉❧❞ ❤♦❧❞ ✇❤❡♥ t❤❡ ❡♥s❡♠❜❧❡ s✐③❡ N ✐♥❝r❡❛s❡s t♦ ✐♥✜♥✐t② ❛♥❞ ✐❢
t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① PNk ✇♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❜② ✐ts ❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐t✱ t❤❡♥ t❤❡ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts
✇♦✉❧❞ ❜❡❝♦♠❡ ✐♥❞❡♣❡♥❞❡♥t ❛t t❤❡ ❧✐♠✐t ✿ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❦♥♦✇♥ ❛s ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s ❬✶✺✱ ✷✵❪✳ ❚♦ st✉❞②
t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s
µN,fk =
1
N
N∑
i=1
δ
Xi,fk
❛♥❞ µN,ak =
1
N
N∑
i=1
δ
Xi,ak
,
♦❢ t❤❡ ❢♦r❡❝❛st ❡❧❡♠❡♥ts ❛♥❞ ❛♥❛❧②s✐s ❡❧❡♠❡♥ts✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ✐❞❡❛ ❬✷✵✱ ❙❡❝t✐♦♥ ■✳✶❪ ✐s t♦ ❝♦♥s✐❞❡r s✉❜st✐t✉t❡
✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡s❡ ✈❡❝t♦rs ❛r❡ ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢
❞❡❝♦✉♣❧❡❞ ❡q✉❛t✐♦♥s
X¯i,fk = fk(X¯
i,a
k−1) +W
i
k ✇✐t❤ W
i
k ∼ N(0, Qk) , ✭✹✮
❘❘ ♥➦ ✼✵✶✹
✹ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
❛♥❞
X¯i,ak = X¯
i,f
k +Kk(P¯k) (Yk −Hk X¯i,fk − V ik ) ✇✐t❤ V ik ∼ N(0, Rk) , ✭✺✮
✇❤❡r❡ P¯k ❞❡♥♦t❡s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X¯
i,f
k ✱ ❛♥❞ ✐♥✐t✐❛❧❧② X¯
i,f
0 = X
i,f
0 ✱ ✐✳❡✳ t❤❡ ✐♥✐t✐❛❧ s❡t
♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❝♦✐♥❝✐❞❡s ❡①❛❝t❧② ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❡♥s❡♠❜❧❡✳ ❇② ❞❡✜♥✐t✐♦♥
m¯k = E[X¯
i,f
k ] ❛♥❞ P¯k = E[(X¯
i,f
k − m¯k) (X¯i,fk − m¯k)∗] ,
r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❧❛t❡r ♣✉r♣♦s❡s✱ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs
(X¯1,fk , · · · , X¯N,fk ) ❛r❡ ❞❡✜♥❡❞ ❛s
m¯Nk =
1
N
N∑
i=1
X¯i,fk ❛♥❞ P¯
N
k =
1
N
N∑
i=1
(X¯i,fk − m¯Nk ) (X¯i,fk − m¯Nk )∗ ,
r❡s♣❡❝t✐✈❡❧②✳
■♥t✉✐t✐✈❡❧②✱ ❡❛❝❤ r❛♥❞♦♠ ✈❡❝t♦r X¯i,fk ♦r X¯
i,a
k ✐♥❞✐✈✐❞✉❛❧❧② ✐s ❝❧♦s❡ ✭❝♦♥t✐❣✉♦✉s✮ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥t
Xi,fk ♦r X
i,a
k ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✱ ❜❡❝❛✉s❡ ✐t st❛rts ❢r♦♠ ❡①❛❝t❧② t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ X¯
i,f
0 = X
i,f
0
❛♥❞ ✐t ✉s❡s ❡①❛❝t❧② t❤❡ s❛♠❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (W i0, · · · ,W ik) ❛♥❞ (V i0 , · · · , V ik ) ❛❧r❡❛❞② s✐♠✉❧❛t❡❞ ❛♥❞ ✉s❡❞
✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✳ ❈♦❧❧❡❝t✐✈❡❧②✱ t❤❡ ❧❛r❣❡ s❛♠♣❧❡ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs
✐s s✐♠♣❧❡ t♦ ❛♥❛❧②s❡✱ ❜❡❝❛✉s❡ ♦❢ ✐♥❞❡♣❡♥❞❛♥❝❡✱ ❜✉t ✐♥ ❝♦✉♥t❡r♣❛rt t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P¯k ✐s ✉♥❦♥♦✇♥ ✐♥
❣❡♥❡r❛❧✱ ❛♥❞ s♦ ❛r❡ t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs t❤❡♠s❡❧✈❡s✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜❧❡
❑❛❧♠❛♥ ✜❧t❡r ❛r❡ ❞❡♣❡♥❞❡♥t✱ ❜❡❝❛✉s❡ t❤❡② ❛❧❧ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① PNk ✇❤✐❝❤ r❡s✉❧ts
✐♥ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥✱ ❜✉t ✐♥ ❝♦✉♥t❡r♣❛rt t❤✐s ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s r❡❛❞✐❧② ❝♦♠♣✉t❛❜❧❡✱ ❛♥❞ s♦ ❛r❡
t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✳ ▲❡t µ¯fk ❛♥❞ µ¯
a
k ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉s❜t✐t✉t❡ ✐✳✐✳❞✳
r❛♥❞♦♠ ✈❡❝t♦rs X¯i,fk ❛♥❞ X¯
i,a
k r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ❝♦♥s✐sts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥s✇❡rs t♦
t❤❡ q✉❡st✐♦♥s r❛✐s❡❞ ❛❜♦✈❡
• ❢♦r ❧✐♥❡❛r s②st❡♠s ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ ●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥s µ¯fk ❛♥❞ µ¯
a
k ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❑❛❧♠❛♥ ♣r❡❞✐❝t♦r
❛♥❞ ✇✐t❤ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r✱ r❡s♣❡❝t✐✈❡❧②✱
• ❤♦✇❡✈❡r✱ ❢♦r ♥♦♥❧✐♥❡❛r s②st❡♠s ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ ♥♦♥✕♥❡❝❡ss❛r✐❧② ●❛✉ss✐❛♥
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s µ¯fk ❛♥❞ µ¯
a
k ❞✐✛❡r ❢r♦♠ t❤❡ ❇❛②❡s✐❛♥ ♣r❡❞✐❝t♦r µ
−
k ❛♥❞ ❢r♦♠
t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r µk✱ r❡s♣❡❝t✐✈❡❧②✱
• ✉♥❞❡r s✉✐t❛❜❧❡ ▲✐♣s❝❤✐t③ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ fk ❛♥❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐✲
t✐♦♥ X0✱ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ
N,f
k ♦❢ t❤❡ ❢♦r❡❝❛st ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ µN,ak ♦❢ t❤❡ ❛♥❛❧②s✐s ❡❧❡♠❡♥ts ❝♦♥✈❡r❣❡ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ¯
f
k ❛♥❞ µ¯
a
k✱ r❡s♣❡❝t✐✈❡❧②✱
✐✳❡✳ ❢♦r ❛♥② φ ✐♥ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s
1
N
N∑
i=1
φ(Xi,fk ) =
∫
Rm
φ(x) µN,fk (dx) −→
∫
Rm
φ(x) µ¯fk(dx) ,
❛♥❞
1
N
N∑
i=1
φ(Xi,ak ) =
∫
Rm
φ(x) µN,ak (dx) −→
∫
Rm
φ(x) µ¯ak(dx) ,
❛❧♠♦st s✉r❡❧② ❛♥❞ ✐♥ Lp✱ ❛s N ↑ ∞✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❧✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✐♥
❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r ♦r t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r✱ ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡
♦❢ ♠♦♠❡♥ts✳ Pr❡❧✐♠✐♥❛r② ❡st✐♠❛t❡s ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❤✐❝❤ ❡st❛❜❧✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s PNk ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❛✐♥ ♠❛tr✐❝❡sKk(P
N
k )✳ ❈♦♥t✐❣✉✐t② ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ✐♥
t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡s❡
t✇♦ s❡❝t✐♦♥s ❛r❡ r❛t❤❡r t❡❝❤♥✐❝❛❧✱ ❛♥❞ t❤❡ ✐♠♣❛t✐❡♥t r❡❛❞❡r ❝♦✉❧❞ ❥✉♠♣ t♦ ❙❡❝t✐♦♥ ✺ ❞✐r❡❝t❧②✱ ✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✐s ❞❡❞✉❝❡❞✱ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ r❛t❡ 1/
√
N ✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❢♦r ❢✉t✉r❡ ✇♦r❦ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♣❛rt✐❝❧❡ ✜❧t❡rs ❛♥❞ ✇✐t❤ t❤❡ ✇❡✐❣❤t❡❞
❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✳
❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✜①❡❞ ❛♥❞ ❛♥② ❡st✐♠❛t❡ ✐♥✈♦❧✈✐♥❣ ♠❛t❤❡✲
♠❛t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥s ♦r ❛♥② ❛❧♠♦st s✉r❡ st❛t❡♠❡♥t ❞♦❡s ❛♣♣❧② t♦ t❤❡ s✐♠✉❧❛t❡❞ r❛♥❞♦♠ ✈❡❝t♦rs ♦♥❧②✳
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✺
✷ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✱ ❛♥❞ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s
❚❤❡ ❧✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s µ¯fk ❛♥❞ µ¯
a
k ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ s✉❜st✐t✉t❡
✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs X¯i,fk ❛♥❞ X¯
i,a
k r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❛r❡ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐♥t❡❣r❛❧s ♦❢ ❛♥ ❛r❜✐tr❛r②
❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ φ✳ ❇② ❞❡✜♥✐t✐♦♥∫
Rm
φ(x′) µ¯fk(dx
′) = E[φ(X¯i,fk )] =
∫
Rm
∫
Rm
φ(fk(x) + w) p
W
k (dw) µ¯
a
k−1(dx) ,
✇❤❡r❡ pWk (dw) ❞❡♥♦t❡s t❤❡ ●❛✉ss✐❛♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ③❡r♦ ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Qk✱
✐✳❡✳ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r W ik✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡s µ¯
f
k ✐♥ t❡r♠s ♦❢ µ¯
a
k−1✳
❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✸ ❜❡❧♦✇✱ ✉♥❞❡r ✇❤✐❝❤ µ¯fk ❤❛s ❛ ✜♥✐t❡ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥t✱ ✐♥
✇❤✐❝❤ ❝❛s❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P¯k ✐s ✜♥✐t❡✱ ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥∫
Rm
φ(x′) µ¯ak(dx
′) = E[φ(X¯i,ak )] =
∫
Rm
∫
Rd
φ(x+Kk(P¯k) (Yk −Hk x− v)) qVk (v) dv µ¯fk(dx) ,
✇❤❡r❡ qVk (v) ❞❡♥♦t❡s t❤❡ ●❛✉ss✐❛♥ ❞❡♥s✐t② ✇✐t❤ ③❡r♦ ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ✐♥✈❡rt✐❜❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Rk✱ ✐✳❡✳ t❤❡
♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r V ik ✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡s µ¯
a
k ✐♥ t❡r♠s ♦❢ µ¯
f
k ✱ ❛♥❞ ✐♥✐t✐❛❧❧②∫
Rm
φ(x) µ¯f0 (dx) = E[φ(X¯
i,f
0 )] =
∫
Rm
φ(x) η0(dx) ,
✇❤✐❝❤ ✐♠♣❧✐❡s µ¯f0 = η0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r s❛t✐s✜❡s∫
Rm
φ(x′) µ−k (dx
′) = E[φ(Xk) | Y0:k−1] =
∫
Rm
∫
Rm
φ(fk(x) + w) p
W
k (dw) µk−1(dx) ,
✇❤✐❝❤ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡s µ−k ✐♥ t❡r♠s ♦❢ µk−1✱ ❛♥❞
∫
Rm
φ(x′) µk(dx
′) = E[φ(Xk) | Y0:k] =
∫
Rm
φ(x′) qVk (Yk −Hk x′) µ−k (dx′)∫
Rm
qVk (Yk −Hk x′) µ−k (dx′)
,
✇❤✐❝❤ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡s µk ✐♥ t❡r♠s ♦❢ µ
−
k ✱ ❛♥❞ ✐♥✐t✐❛❧❧②∫
Rm
φ(x) µ−0 (dx) = E[φ(X0)] =
∫
Rm
φ(x) η0(dx) ,
✇❤✐❝❤ ✐♠♣❧✐❡s µ−0 = η0✳
✷✳✶ ❈♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r ♦r t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r
❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ Tk ❛♥❞ t❤❡ t✇♦ ♥♦♥❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s TKFk (·) ❛♥❞ TBFk (·) ❞❡✜♥❡❞ ♦♥ t❤❡
s♣❛❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐♥t❡❣r❛❧s ♦❢ ❛♥ ❛r❜✐tr❛r② ❜♦✉♥❞❛r② ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥ φ✱ ❛s ∫
Rm
φ(x) Tk µ(dx) =
∫
Rm
∫
Rm
φ(fk(x) + w) p
W
k (dw)µ(dx) ,∫
Rm
φ(x) TKFk (µ)(dx) =
∫
Rm
∫
Rd
φ(x+Kk(P (µ)) (Yk −Hk x− v)) qVk (v) dv µ(dx) ,
✇❤❡r❡ P (µ) ❞❡♥♦t❡s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ✱ ❛♥❞
∫
Rm
φ(x) TBFk (µ)(dx) =
∫
Rm
φ(x) qVk (Yk −Hk x) µ(dx)∫
Rm
qVk (Yk −Hk x) µ(dx)
,
r❡s♣❡❝t✐✈❡❧②✳
❘❘ ♥➦ ✼✵✶✹
✻ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
▲❡♠♠❛ ✷✳✶ ■❢ fk(x) = Fk x ❛♥❞ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ●❛✉ss✐❛♥ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① Σ✱ t❤❡♥ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ Tk µ ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r Fkm ❛♥❞ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① Fk ΣF
∗
k +Qk✳
■❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ t❤❡♥ t❤❡ t✇♦ tr❛♥s✲
❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s TKFk (µ) ❛♥❞ T
BF
k (µ) ❛r❡ ●❛✉ss✐❛♥✱ ✇✐t❤ t❤❡ s❛♠❡ ♠❡❛♥ ✈❡❝t♦r m+Kk(Σ) (Yk−
Hkm) ❛♥❞ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① (I −Kk(Σ)Hk) Σ✳
Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ Tk µ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥✲
❞♦♠ ✈❡❝t♦r X ′ ✐♥ t❤❡ ♠♦❞❡❧
X ′ = fk(X) +Wk ✇✐t❤ X ∼ µ ❛♥❞ Wk ∼ N(0, Qk) ,
✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X ❛♥❞ Wk ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ■❢ fk(x) = Fk x ❛♥❞ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s
●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ′ ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥
✈❡❝t♦r Fkm ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Fk ΣF ∗k +Qk✳
❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ TBFk (µ) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ❣✐✈❡♥ Yk ✐♥ t❤❡ ♠♦❞❡❧
Yk = HkX + Vk ✇✐t❤ X ∼ µ ❛♥❞ Vk ∼ N(0, Rk) ,
✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X ❛♥❞ Vk ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ■❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥
✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ t❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r
m+Kk(Σ) (Yk −Hkm) ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① (I −Kk(Σ)Hk) Σ✳
❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ TKFk (µ) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠
✈❡❝t♦r X ′ ✐♥ t❤❡ ♠♦❞❡❧
X ′ = X +Kk(P (µ)) (Yk −HkX − Vk) ✇✐t❤ X ∼ µ ❛♥❞ Vk ∼ N(0, Rk) ,
✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X ❛♥❞ Vk ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ ✇❤❡r❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ Yk ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✜①❡❞ ✳ ■❢ t❤❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ✱ ✇❤❡t❤❡r ✐t ✐s ●❛✉ss✐❛♥ ♦r ♥♦t✱ ❤❛s ♠❡❛♥ ✈❡❝t♦r m ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P (µ) = Σ✱
t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ′ ❤❛s ♠❡❛♥ ✈❡❝t♦r m+Kk(Σ) (Yk −Hkm) ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
(I −Kk(Σ)Hk) Σ (I −Kk(Σ)Hk)∗ +Kk(Σ)RkK∗k(Σ) = (I −Kk(Σ)Hk) Σ ,
❛♥❞ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ●❛✉ss✐❛♥✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X ′ ✐s ●❛✉ss✐❛♥✳ ✷
■❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ♥♦t ●❛✉ss✐❛♥✱ t❤❡♥ t❤❡ t✇♦ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s TKFk (µ)
❛♥❞ TBFk (µ) ❞✐✛❡r ✐♥ ❣❡♥❡r❛❧ ✿ ❝♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ✇❤❡r❡ µ ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱
❛s ✐❧❧✉str❛t❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✷ ❜❡❧♦✇✳
■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥ t❤❛t µ¯f0 = µ
−
0 ✱ ❛♥❞ ✐❢ µ¯
a
k−1 = µk−1 t❤❡♥ ♥❡❝❡ss❛r✐❧② µ¯
f
k = Tk µ¯
a
k−1
❝♦✐♥❝✐❞❡s ✇✐t❤ µ−k = Tk µk−1✱ ❜✉t ✐♥ ❣❡♥❡r❛❧ µ¯
f
k = µ
−
k ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♠♣❧② t❤❛t µ¯
a
k = T
KF
k (µ¯
f
k) ❝♦✐♥❝✐❞❡s
✇✐t❤ µk = TBFk (µ
−
k )✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐♥ ❣❡♥❡r❛❧ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s µ¯
f
k ❛♥❞ µ¯
a
k ❞♦ ♥♦t
❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s µ−k ❛♥❞ µk ❞❡✜♥✐♥❣ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r✳
❍♦✇❡✈❡r✱ ❢♦r ❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✱ ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞
✇✐t❤ ●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ ✭♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ❞❡✜♥✐♥❣ t❤❡✮ ❇❛②❡s✐❛♥ ✜❧t❡r ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡
✭●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡✮ ❑❛❧♠❛♥ ✜❧t❡r✱ ✐✳❡✳ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ−k ✐s ●❛✉ss✐❛♥✱
✇✐t❤ ♠❡❛♥ ✈❡❝t♦r X̂−k ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P
−
k ✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µk ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ♠❡❛♥
✈❡❝t♦r X̂k ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Pk✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t µ¯
f
k = µ
−
k ❛♥❞ µ¯
a
k = µk ✿ ✐♥❞❡❡❞✱
✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ t❤❛t µ¯f0 = µ
−
0 ✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t µ¯
f
k = Tk µ¯
a
k−1
❝♦✐♥❝✐❞❡s ✇✐t❤ µ−k = Tk µk−1✱ ❛♥❞ s✐♥❝❡ µ¯
f
k = µ
−
k ✐s ●❛✉ss✐❛♥✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶ t❤❛t µ¯
a
k = T
KF
k (µ¯
f
k)
❝♦✐♥❝✐❞❡s ✇✐t❤ µk = TBFk (µ
−
k )✳
❊①❛♠♣❧❡ ✷✳✷ ■❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦rs
(xi , i ∈ I)✱ ❛❧❧ ✇✐t❤ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ ❛♥❞ ✇✐t❤ ♣♦s✐t✐✈❡ ♠✐①t✉r❡ ✇❡✐❣❤ts (pi , i ∈ I)✱ t❤❡♥ ✐ts
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❜②
P (µ) = Σ +
∑
i∈I
pi (xi −m) (xi −m)∗ ✇✐t❤ m =
∑
i∈I
pi xi .
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✼
❚❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ TKFk (µ) ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦rs
(xKFi , i ∈ I)✱ ❛❧❧ ✇✐t❤ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
PKF = (I −Kk(P (µ))Hk) Σ (I −Kk(P (µ))Hk)∗ +Kk(P (µ))RkK∗k(P (µ)) ,
❛♥❞ ✇✐t❤ ✉♥❝❤❛♥❣❡❞ ♠✐①t✉r❡ ✇❡✐❣❤ts (pKFi , i ∈ I)✱ ❞❡✜♥❡❞ ❜②
xKFi = xi +Kk(P (µ)) (Yk −Hk xi) ❛♥❞ pKFi = pi ❢♦r ❛♥② i ∈ I✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ TBFk (µ) ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡ ♦❢ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱
✇✐t❤ ♠❡❛♥ ✈❡❝t♦rs (xBFi , i ∈ I)✱ ❛❧❧ ✇✐t❤ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① PBF = (I−Kk(Σ)Hk) Σ✱ ❛♥❞ ✇✐t❤ ✉♣❞❛t❡❞
♠✐①t✉r❡ ✇❡✐❣❤ts (pBFi , i ∈ I)✱ ❞❡✜♥❡❞ ❜②
xBFi = xi +Kk(Σ) (Yk −Hk xi) ❛♥❞ pBFi =
pi wi∑
j∈I
pj wj
❢♦r ❛♥② i ∈ I✱
✐♥ t❡r♠s ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✇❡✐❣❤ts
wi = exp{− 12 (Yk −Hk xi)∗ Ξ−1k (Yk −Hk xi)} ❢♦r ❛♥② i ∈ I ✇❤❡r❡ Ξk = Hk ΣH∗k +Rk .
■♥ ❋✐❣✉r❡s ✶ ❛♥❞ ✷✱ t❤❡ ♣r✐♦r ❞❡♥s✐t② ✭✐♥ ❜❧❛❝❦✮✱ t❤❡ ❧✐♠✐t✐♥❣ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✭❊♥❑❋✮ ❞❡♥s✐t② ✭✐♥
❜❧✉❡✮ ❛♥❞ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r ❞❡♥s✐t② ✭✐♥ r❡❞✮ ❛r❡ ❞✐s♣❧❛②❡❞ ❢♦r ❛ ♦♥❡✕❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡ ✇❤❡r❡
• t❤❡ ❜✐✕♠♦❞❛❧ ♣r✐♦r ❞❡♥s✐t② ❤❛s ❛ ❤❡❛✈② ♠♦❞❡ ❧♦❝❛t❡❞ ❛t x1 = +2 ✇✐t❤ ✇❡✐❣❤t p1 = 0.8✱ ❛♥❞ ❛ ❧✐❣❤t ♠♦❞❡
❧♦❝❛t❡❞ ❛t x2 = −2 ✇✐t❤ ✇❡✐❣❤t p2 = 0.2✱ r❡s♣❡❝t✐✈❡❧②✱ ❜♦t❤ ✇✐t❤ t❤❡ s❛♠❡ ✈❛r✐❛♥❝❡ Σ = 0.25✱
• t❤❡ ♦❜s❡r✈❛t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s Hk = 1 ❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ✐s Rk = 1✳
❋✐❣✉r❡ ✶ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦❜s❡r✈❡❞ ✈❛❧✉❡ Yk = +0.5 ✐♥ t❤❡ ❤❡❛✈② ♠♦❞❡✱ ✇❤✐❧❡ ❋✐❣✉r❡ ✷ ❝♦rr❡s♣♦♥❞s t♦ ❛♥
♦❜s❡r✈❡❞ ✈❛❧✉❡ Yk = −1.5 ✐♥ t❤❡ ❧✐❣❤t ♠♦❞❡✳ ❈❧❡❛r❧②✱ t❤❡ ❊♥❑❋ ❛♥❞ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r ❤❛✈❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s
t♦ ❝♦♠❜✐♥❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜r♦✉❣❤t ❜② t❤❡ ❜✐✕♠♦❞❛❧ ♣r✐♦r ❞❡♥s✐t② ❛♥❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜r♦✉❣❤t ❜② ❛♥ ♦❜s❡r✈❡❞
✈❛❧✉❡ ✐♥ ❡✐t❤❡r ♦♥❡ ♠♦❞❡ ♦r t❤❡ ♦t❤❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t✇♦ ●❛✉ss✐❛♥ ❝♦♠♣♦♥❡♥ts ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❊♥❑❋
❞❡♥s✐t② ❤❛✈❡ ❛ ✈❛r✐❛♥❝❡ s♦ ❧❛r❣❡ t❤❛t t❤❡ ❊♥❑❋ ❞❡♥s✐t② ❤❛s ♦♥❧② ♦♥❡ ♠♦❞❡ ❛♥❞ ❛♥ ❡✈❡♥ ❧❛r❣❡r ✈❛r✐❛♥❝❡✳
✷✳✷ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ✭❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts✮
❚✇♦ ❞✐✛❡r❡♥t ❛ss✉♠♣t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❢♦r t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✿ ❆ss✉♠♣t✐♦♥ ❆ ✐s s✉✣❝✐❡♥t t♦ ❤❛♥❞❧❡ t❤❡ ❧✐♥❡❛r
❝❛s❡✱ ✇❤❡r❡❛s ❆ss✉♠♣t✐♦♥ ❇ ❛❧❧♦✇s t♦ ❤❛♥❞❧❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✭❞✐s❝r❡t✐③❡❞✮ ▲♦r❡♥③ ♠♦❞❡❧ ❢♦r
✐♥st❛♥❝❡✳
❆ss✉♠♣t✐♦♥ ❆ ❚❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ✐✳❡✳
|fk(x)− fk(x′)| ≤ L |x− x′| ,
❢♦r ❛♥② x, x′ ∈ Rm✳
❆ss✉♠♣t✐♦♥ ❇ ❚❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ✇✐t❤ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱
✐✳❡✳
|fk(x)− fk(x′)| ≤ L |x− x′| (1 + |x|s + |x′|s ) ,
❢♦r ❛♥② x, x′ ∈ Rm ❛♥❞ ❢♦r s♦♠❡ s ≥ 0✳
❈❧❡❛r❧②✱ ❆ss✉♠♣t✐♦♥ ❆ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❆ss✉♠♣t✐♦♥ ❇✱ ❢♦r s = 0✳ ◆♦t✐❝❡ t❤❛t ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ❆✱ t❤❡
❞r✐❢t ❢✉♥❝t✐♦♥ ❤❛s ❛t ♠♦st ❧✐♥❡❛r ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳
|fk(x)| ≤M (1 + |x| ) ,
❢♦r ❛♥② x ∈ Rm✱ ✇❤❡r❡❛s ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ❇✱ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ❤❛s ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳
|fk(x)| ≤M (1 + |x|s+1 ) ,
❘❘ ♥➦ ✼✵✶✹
✽ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
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prior distribution
EnKF distribution
Bayesian distribution
❋✐❣✉r❡ ✶✿ ❖❜s❡r✈❡❞ ✈❛❧✉❡ Yk = +0.5 ✐♥ t❤❡ ❤❡❛✈② ♠♦❞❡
❢♦r ❛♥② x ∈ Rm✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♠❡tr✐❝ ❢♦r♠ ♦❢ t❤❡ ❧♦❝❛❧ ▲✐♣s❝❤✐t③
❝♦♥❞✐t✐♦♥
|fk(x)− fk(x′)| ≤ L |x− x′| (1 + |x|s ) + L |x− x′|s+1 ,
❢♦r ❛♥② x, x′ ∈ Rm✱ ✇✐t❤ ❛♥♦t❤❡r ❝♦♥st❛♥t L✳ ■♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ❢♦r t❤❡ ♠♦♠❡♥ts
M¯p,fk = (E|X¯i,fk |p)1/p = (
∫
Rm
|x|p µ¯fk(dx) )1/p ,
❛♥❞
M¯p,ak = (E|X¯i,ak |p)1/p = (
∫
Rm
|x|p µ¯ak(dx) )1/p ,
❛♥❞ s✐♠✐❧❛r❧② ❢♦r t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣❡rt✉r❜❡❞ r❡s✐❞✉❛❧s
R¯ pk = (E|Yk −Hk X¯i,fk − V ik |p)1/p ,
❛♥❞ ♥♦t✐❝❡ t❤❛t t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
R¯ pk ≤ (
∫
Rm
|Yk −Hk x|p µ¯fk(dx) )1/p + (E|V ik |p)1/p ≤ |Yk|+ ‖Hk‖ M¯p,fk + cp λ1/2max(Rk) ,
✇❤❡r❡ λmax(Rk) ❞❡♥♦t❡s t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Rk✳
Pr♦♣♦s✐t✐♦♥ ✷✳✸ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉✲
t✐♦♥ η0✱ ❤❛s ✜♥✐t❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r p ❢♦r s♦♠❡ p ≥ 2✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X¯i,fk ❛♥❞ X¯i,ak ✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s µ¯fk ❛♥❞ µ¯
a
k✱ ❤❛✈❡ ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ t❤❡ s❛♠❡ ♦r❞❡r p✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① P¯k ✐s ✜♥✐t❡✳
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✾
!4 !2 0 2 4
 
 
prior distribution
EnKF distribution
Bayesian distribution
❋✐❣✉r❡ ✷✿ ❖❜s❡r✈❡❞ ✈❛❧✉❡ Yk = −1.5 ✐♥ t❤❡ ❧✐❣❤t ♠♦❞❡
■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ η0✱ ❤❛s ✜♥✐t❡
♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X¯i,fk ❛♥❞ X¯
i,a
k ✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s µ¯
f
k
❛♥❞ µ¯ak✱ ❤❛✈❡ ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P¯k ✐s ✜♥✐t❡✳
Pr♦♦❢ ✭❜② ✐♥❞✉❝t✐♦♥✮✳ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ t❤❡♥
|X¯i,fk | ≤M (1 + |X¯i,ak−1|) + |W ik| ,
❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
(E|X¯i,fk |p )1/p ≤M (1 + (E|X¯i,ak−1|p )1/p) + (E|W ik|p )1/p ,
❤❡♥❝❡
M¯p,fk ≤M (1 + M¯p,ak−1) + cp λ1/2max(Qk) ,
✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ t❤❡♥
|X¯i,fk | ≤M (1 + |X¯i,ak−1|s+1) + |W ik| ,
❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
(E|X¯i,fk |p )1/p ≤M (1 + (E|X¯i,ak−1|p (s+1) )1/p) + (E|W ik|p )1/p ,
❤❡♥❝❡
M¯p,fk ≤M (1 + (M¯p (s+1),ak−1 )s+1) + cp λ1/2max(Qk) ,
✇❤❡r❡ λmax(Qk) ❞❡♥♦t❡s t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Qk✳ ■♥ ♣❛rt✐❝✉❧❛r
u∗ P¯k u ≤
∫
Rm
|u∗ x|2 µ¯fk(dx) ≤ |u|2
∫
Rm
|x|2 µ¯fk(dx) ,
❘❘ ♥➦ ✼✵✶✹
✶✵ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
❤❡♥❝❡
‖P¯k‖ = sup
u 6=0
u∗ P¯k u
|u|2 ≤
∫
Rm
|x|2 µ¯fk(dx) = (M¯2,fk )2 <∞ .
■♥ ❛♥② ❝❛s❡
|X¯i,ak | ≤ |X¯i,fk |+ ‖Kk(P¯k)‖ |Yk −Hk X¯i,fk + V ik | ,
✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s ♦r ♥♦t✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
(E|X¯i,ak |p )1/p ≤ (E|X¯i,fk |p )1/p + ‖Kk(P¯k)‖ (E|Yk −Hk X¯i,fk + V ik |p )1/p ,
❤❡♥❝❡
M¯p,ak ≤ M¯p,fk + ‖Kk(P¯k)‖ R¯ pk ≤ M¯p,fk + ‖Kk(P¯k)‖ ( |Yk|+ ‖Hk‖ M¯p,fk + cp λ1/2max(Rk)) ,
✇❤❡r❡ λmax(Rk) ❞❡♥♦t❡s t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Rk✳ ✷
■♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ ♠♦♠❡♥ts
M¯N,p,fk = (
1
N
N∑
i=1
|X¯i,fk |p)1/p ❛♥❞ M¯N,p,ak = (
1
N
N∑
i=1
|X¯i,ak |p)1/p ,
❛♥❞ s✐♠✐❧❛r❧② ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ ♠♦♠❡♥ts ♦❢ t❤❡ ♣❡rt✉r❜❡❞ r❡s✐❞✉❛❧s
R¯N,pk = (
1
N
N∑
i=1
|Yk −Hk X¯i,fk − V ik |p)1/p .
■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ str♦♥❣ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs t❤❛t ✿ ✐❢ t❤❡ ♠♦♠❡♥t M¯p,fk ✐s ✜♥✐t❡✱ t❤❡♥
M¯N,p,fk −→ M¯p,fk ❛♥❞ R¯N,pk −→ R¯ pk ,
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✱ ❛♥❞ ✐❢ t❤❡ ♠♦♠❡♥t M¯p,ak ✐s ✜♥✐t❡✱ t❤❡♥
M¯N,p,ak −→ M¯p,ak ,
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✱
✸ ❈♦♥tr♦❧ ♦❢ t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐①
❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✈✐s✐❜❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ❢♦r t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✱
❛♥❞ ❡q✉❛t✐♦♥s ✭✹✮ ❛♥❞ ✭✺✮ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✿ ✐♥❞❡❡❞✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ t❤❡
s❛♠❡ ❛♥❞ t❤❡ s❛♠❡ r❛♥❞♦♠ ✐♥♣✉t ✈❡❝t♦rs ❛r❡ ✉s❡❞✱ ❤♦✇❡✈❡r t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐① Kk(PNk ) ✐♥ ❡q✉❛t✐♦♥ ✭✷✮ ✐s
❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① PNk ✱ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❞❡♣❡♥❞❡♥❝❡✱
✇❤❡r❡❛s t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐① Kk(P¯k) ✐♥ ❡q✉❛t✐♦♥ ✭✺✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐t✐♥❣ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
P¯k✱ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❞❡❝♦✉♣❧✐♥❣ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ❚♦ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ t❤✐s s✉❜st✐t✉t✐♦♥✱ ♥♦t✐❝❡ t❤❛t
✐❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ t❤❡♥ ❜② ❞✐✛❡r❡♥❝❡
|Xi,fk − X¯i,fk | ≤ L |Xi,ak−1 − X¯i,ak−1| , ✭✻✮
✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ t❤❡♥ ❜② ❞✐✛❡r❡♥❝❡
|Xi,fk − X¯i,fk | ≤ L |Xi,ak−1 − X¯i,ak−1| (1 + |X¯i,ak−1|s) + L |Xi,ak−1 − X¯i,ak−1|s+1 . ✭✼✮
❙✐♠✐❧❛r❧②✱ ❜② ❞✐✛❡r❡♥❝❡
Xi,ak − X¯i,ak = Xi,fk +Kk(PNk ) (Yk −Hk Xi,fk − V ik )− X¯i,fk −Kk(P¯k) (Yk −Hk X¯i,fk − V ik )
= (I −Kk(P¯k)Hk) (Xi,fk − X¯i,fk )− (Kk(PNk )−Kk(P¯k)) Hk (Xi,fk − X¯i,fk )
+ (Kk(P
N
k )−Kk(P¯k)) (Yk −Hk X¯i,fk + V ik ) ,
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✶✶
❤❡♥❝❡
|Xi,ak − X¯i,ak | ≤ ‖I −Kk(P¯k) Hk‖ |Xi,fk − X¯i,fk |
+ ‖Kk(PNk )−Kk(P¯k)‖ ‖Hk‖ |Xi,fk − X¯i,fk | ✭✽✮
+ ‖Kk(PNk )−Kk(P¯k)‖ |Yk −Hk X¯i,fk + V ik | .
❚❤❡ ✜rst st❡♣ ❛❞❞r❡ss❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐s t♦ ♣r♦✈❡ s♦♠❡ ❧♦❝❛❧ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛♣♣✐♥❣ P 7→ Kk(P )
✐♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ t❤❡ ❞✐✛❡r❡♥❝❡Kk(PNk )−Kk(P¯k) ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ PNk −P¯k✱ ✇❤✐❝❤ ✐s t❤❡♥ ❞❡❝♦♠♣♦s❡❞
❛s (PNk − P¯Nk )+(P¯Nk − P¯k)✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ❛❞❞r❡ss❡❞ ✐♥ ▲❡♠♠❛ ✸✳✷ ✐s t♦ st✉❞② t❤❡ ❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✿ t❤❡ ❞✐✛❡r❡♥❝❡ PNk − P¯Nk ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ✐♥ t❡r♠s ♦❢
∆N,2,fk = (
1
N
N∑
i=1
|Xi,fk − X¯i,fk |2 )1/2 ,
✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢ ❝♦♥t✐❣✉✐t② ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡
✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ∆N,2,fk t♦ ③❡r♦ ❛❧♠♦st s✉r❡❧② ❛♥❞ ✐♥ L
p ❛s N ↑ ∞✱ ✐s ♣r♦✈❡❞ ✐♥
Pr♦♣♦s✐t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✹✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t❤✐r❞ ❛♥❞ ❧❛st st❡♣ ❛❞❞r❡ss❡❞ ✐♥ ▲❡♠♠❛ ✸✳✸ ✐s t♦ ♣r♦✈❡ t❤❡ ❝♦♥s✐st❡♥❝②
♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ✿ ❜❡❝❛✉s❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡✱ t❤❡
❞✐✛❡r❡♥❝❡ P¯Nk − P¯k ❣♦❡s t♦ ③❡r♦ ❛❧♠♦st s✉r❡❧② ❛♥❞ ✐♥ Lp ❛s N ↑ ∞✱ ❜② t❤❡ str♦♥❣ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❛♥❞ ❜②
t❤❡ ▼❛r❝✐♥❦✐❡✇✐❝③✕❩②❣♠✉♥❞ ✐♥❡q✉❛❧✐t② ❬✶✸✱ ❈❤❛♣t❡r ✸✱ ❙❡❝t✐♦♥ ✽❪✱ r❡s♣❡❝t✐✈❡❧②✳
✸✳✶ ▲♦❝❛❧ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐①
■❢ t❤❡ d × d ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Rk ✐s ✐♥✈❡rt✐❜❧❡✱ t❤❡♥ ✐ts s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ λmin(Rk) ✐s ♣♦s✐t✐✈❡✱ ❛♥❞ ✐t ✐s
♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❛♣♣✐♥❣ P 7→ Kk(P ) ❞❡✜♥❡❞ ✐♥ ✭✸✮ ❤❛s ❛t ♠♦st ❧✐♥❡❛r ❣r♦✇t❤ ❛♥❞ ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉♦✉s✱ ❛s ❢♦❧❧♦✇s✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶ ■❢ t❤❡ d× d ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Rk ✐s ✐♥✈❡rt✐❜❧❡✱ t❤❡♥
‖Kk(P )‖ ≤ ‖Hk‖
λmin(Rk)
‖P‖ ,
❛♥❞
‖Kk(P )−Kk(P ′)‖ ≤ ‖I −Kk(P ′) Hk‖ ‖Hk‖
λmin(Rk)
‖P − P ′‖ , ✭✾✮
❢♦r ❛♥② ✭♥♦t ♥❡❝❡ss❛r✐❧② ✐♥✈❡rt✐❜❧❡✮ m×m ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s P ❛♥❞ P ′✳
Pr♦♦❢✳ ❙✐♥❝❡Hk P H∗k+Rk ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐①✱ t❤❡r❡ ❡①✐st ❛♥ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① O ❛♥❞ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①D
s✉❝❤ t❤❛t Hk P H∗k +Rk = ODO
∗✱ ❤❡♥❝❡ (Hk P H∗k +Rk)
−1 = OD−1O∗ = OD−1/2O∗ OD−1/2O∗ = T ∗ T ✱
✇✐t❤ T = OD−1/2O∗ ❜② ❞❡✜♥✐t✐♦♥✱ ❛♥❞
‖(Hk P H∗k +Rk)−1‖ = sup
u 6=0
u∗ (Hk P H
∗
k +Rk)
−1 u
|u|2 = supu 6=0
|T u|2
|u|2 = supv 6=0
|v|2
|T−1 v|2 .
❈❧❡❛r❧② T−1 = OD1/2O∗✱ ❤❡♥❝❡
|T−1 v|2 = v∗ OD1/2O∗ OD1/2O∗ v = v∗ ODO∗ v = v∗ (Hk P H∗k +Rk) v ,
❛♥❞
‖(Hk P H∗k +Rk)−1‖ = sup
v 6=0
|v|2
v∗ (Hk P H∗k +Rk) v
≤ sup
v 6=0
|v|2
v∗ Rk v
=
1
λmin(Rk)
.
❚❤❡r❡❢♦r❡
‖Kk(P )‖ ≤ ‖Hk‖
λmin(Rk)
‖P‖ ,
❘❘ ♥➦ ✼✵✶✹
✶✷ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
s✐♥❝❡ ‖H∗k‖ = ‖Hk‖ ❢♦r t❤❡ ♥♦r♠ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✱ ❛♥❞ ❜② ❞✐✛❡r❡♥❝❡
Kk(P )−Kk(P ′) = P H∗k (Hk P H∗k +Rk)−1 − P ′ H∗k (Hk P ′ H∗k +Rk)−1
= P H∗k (Hk P H
∗
k +Rk)
−1 − P ′ H∗k (Hk P H∗k +Rk)−1
+ P ′ H∗k ((Hk P H
∗
k +Rk)
−1 − (Hk P ′ H∗k +Rk)−1)
= (P − P ′) H∗k (Hk P H∗k +Rk)−1
− P ′ H∗k (Hk P ′ H∗k +Rk)−1 Hk (P − P ′) H∗k (Hk P H∗k +Rk)−1
= (P − P ′) H∗k (Hk P H∗k +Rk)−1
−Kk(P ′) Hk (P − P ′) H∗k (Hk P H∗k +Rk)−1
= (I −Kk(P ′) Hk) (P − P ′) H∗k (Hk P H∗k +Rk)−1 ,
❤❡♥❝❡
‖Kk(P )−Kk(P ′)‖ ≤ ‖I −Kk(P ′) Hk‖ ‖Hk‖
λmin(Rk)
‖P − P ′‖ . ✷
✸✳✷ ❈♦♥t✐❣✉✐t② ❝♦♥tr♦❧ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s
▲❡♠♠❛ ✸✳✷ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s s❛t✐s✜❡s
‖PNk − P¯Nk ‖ ≤ 2 |∆N,2,fk |2 + 4 M¯N,2,fk ∆N,2,fk . ✭✶✵✮
Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t
PNk =
1
N
N∑
i=1
Xi,fk (X
i,f
k )
∗ − ( 1
N
N∑
i=1
Xi,fk ) (
1
N
N∑
i=1
Xi,fk )
∗ ,
❛♥❞ s✐♠✐❧❛r❧②
P¯Nk =
1
N
N∑
i=1
X¯i,fk (X¯
i,f
k )
∗ − ( 1
N
N∑
i=1
X¯i,fk ) (
1
N
N∑
i=1
X¯i,fk )
∗ .
❯s✐♥❣ t❤❡ ✐❞❡♥t✐t② a2 − b2 = (a− b)2 + 2 b (a− b) ②✐❡❧❞s
u∗ (PNk − P¯Nk ) u =
=
1
N
N∑
i=1
|u∗ Xi,fk |2 −
1
N
N∑
i=1
|u∗ X¯i,fk |2 − |
1
N
N∑
i=1
u∗ Xi,fk |2 + |
1
N
N∑
i=1
u∗ X¯i,fk |2
=
1
N
N∑
i=1
|u∗ (Xi,fk − X¯i,fk )|2 + 2
1
N
N∑
i=1
(u∗ X¯i,fk ) (u
∗ (Xi,fk − X¯i,fk ))
− | 1
N
N∑
i=1
u∗ (Xi,fk − X¯i,fk )|2 − 2 (
1
N
N∑
i=1
u∗ X¯i,fk ) (
1
N
N∑
i=1
u∗ (Xi,fk − X¯i,fk )) ,
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✶✸
❢♦r ❛♥② u✱ ❤❡♥❝❡
‖PNk − P¯Nk ‖ = sup
u 6=0
|u∗ (PNk − P¯Nk ) u|
|u|2
≤ 1
N
N∑
i=1
|Xi,fk − X¯i,fk |2 + 2
1
N
N∑
i=1
|X¯i,fk | |Xi,fk − X¯i,fk |
+ (
1
N
N∑
i=1
|Xi,fk − X¯i,fk |)2 + 2 (
1
N
N∑
i=1
|X¯i,fk |) (
1
N
N∑
i=1
|Xi,fk − X¯i,fk |)
≤ 2 1
N
N∑
i=1
|Xi,fk − X¯i,fk |2 + 4 (
1
N
N∑
i=1
|X¯i,fk |2)1/2 (
1
N
N∑
i=1
|Xi,fk − X¯i,fk |2)1/2 ,
♦r ✐♥ ♦t❤❡r ✇♦r❞s
‖PNk − P¯Nk ‖ ≤ 2 |∆N,2,fk |2 + 4 M¯N,2,fk ∆N,2,fk . ✷
✸✳✸ ❈♦♥s✐st❡♥❝② ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
▲❡♠♠❛ ✸✳✸ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❛♥❞ t❤❡✐r
❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① s❛t✐s✜❡s
εNk = ‖P¯Nk − P¯k‖ −→ 0 ,
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✱ ❛♥❞
sup
N≥1
√
N (E|εNk |p )1/p <∞ ,
❢♦r ❛♥② ♦r❞❡r p ≥ 2✳
Pr♦♦❢✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❤♦❧❞s
P¯Nk =
1
N
N∑
i=1
(X¯i,fk − m¯Nk ) (X¯i,fk − m¯Nk )∗
=
1
N
N∑
i=1
(X¯i,fk − m¯k − (m¯Nk − m¯k)) (X¯i,fk − m¯k − (m¯Nk − m¯k))∗
=
1
N
N∑
i=1
(X¯i,fk − m¯k) (X¯i,fk − m¯k)∗ − (
1
N
N∑
i=1
X¯i,fk − m¯k) (m¯Nk − m¯k)∗
− (m¯Nk − m¯k) (
1
N
N∑
i=1
X¯i,fk − m¯k)∗ + (m¯Nk − m¯k)(m¯Nk − m¯k)∗
=
1
N
N∑
i=1
(X¯i,fk − m¯k) (X¯i,fk − m¯k)∗ − (m¯Nk − m¯k)(m¯Nk − m¯k)∗ ,
❤❡♥❝❡
u∗ (P¯Nk − P¯k) u = u∗ (
1
N
N∑
i=1
(X¯i,fk − m¯k) (X¯i,fk − m¯k)∗ − P¯k) u− |u∗ (
1
N
N∑
i=1
X¯i,fk − m¯k)|2 ,
❢♦r ❛♥② u✱ ❛♥❞
εNk = ‖P¯Nk − P¯k‖ = sup
u 6=0
|u∗ (P¯Nk − P¯k) u|
|u|2
≤ ‖ 1
N
N∑
i=1
(X¯i,fk − m¯k) (X¯i,fk − m¯k)∗ − P¯k‖+ |
1
N
N∑
i=1
X¯i,fk − m¯k |2 .
❘❘ ♥➦ ✼✵✶✹
✶✹ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
❋✐♥❛❧❧②✱ ♥♦t✐❝❡ t❤❛t
|u∗M u| = |
m∑
j,j′=1
ujMjj′ uj′ | ≤ max
j=1,··· ,m
|uj |2
m∑
j,j′=1
|Mjj′ | ≤ |u|2
m∑
j,j′=1
|Mjj′ |
❤❡♥❝❡
‖M‖ = sup
u 6=0
|u∗M u|
|u|2 ≤
m∑
j,j′=1
|Mjj′ | ,
❢♦r ❛♥② s②♠♠❡tr✐❝ m×m ♠❛tr✐① M ✳ ❚❛❦✐♥❣
M =
1
N
N∑
i=1
(X¯i,fk − m¯k) (X¯i,fk − m¯k)∗ − P¯k ,
❣✐✈❡s
Mjj′ =
1
N
N∑
i=1
(X¯i,j,fk − m¯jk) (X¯i,j
′,f
k − m¯j
′
k )− P¯ j,j
′
k ,
❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs t❤❛t
εNk ≤
m∑
j,j′=1
| 1
N
N∑
i=1
(X¯i,j,fk − m¯jk) (X¯i,j
′,f
k − m¯j
′
k )− P¯ j,j
′
k |+
m∑
j=1
| 1
N
N∑
i=1
X¯i,j,fk − m¯jk |2 −→ 0 ,
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡♥ t❤❡ ▼❛r❝✐♥❦✐❡✇✐❝③✕❩②❣♠✉♥❞ ✐♥❡q✉❛❧✐t②✱
②✐❡❧❞s
(E|εNk |p )1/p ≤
m∑
j,j′=1
(E| 1
N
N∑
i=1
(X¯i,j,fk − m¯jk) (X¯i,j
′,f
k − m¯j
′
k )− P¯ j,j
′
k |p )1/p
+
m∑
j=1
(E| 1
N
N∑
i=1
X¯i,j,fk − m¯jk |2 p )1/p
≤ cp√
N
m∑
j,j′=1
(E|(X¯i,j,fk − m¯jk) (X¯i,j
′,f
k − m¯j
′
k )− P¯ j,j
′
k |p )1/p
+
c22p
N
m∑
j=1
(E|X¯i,j,fk − m¯jk|2 p )1/p ,
❢♦r ❛♥② ♦r❞❡r p ≥ 2✳ ✷
✹ ❈♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡❧❡♠❡♥ts
■♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s
∆N,p,fk = (
1
N
N∑
i=1
|Xi,fk − X¯i,fk |p)1/p ❛♥❞ ∆N,p,ak = (
1
N
N∑
i=1
|Xi,ak − X¯i,ak |p)1/p ,
❛s ♠❡❛s✉r❡s ♦❢ ❝♦♥t✐❣✉✐t② ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜st✐t✉t❡
✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs✳ ❚❤❡s❡ q✉❛♥t✐t✐❡s s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ✉s❡❞ ✐♥
Pr♦♣♦s✐t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✹ t♦ ♣r♦✈❡ ❛❧♠♦st s✉r❡ ❝♦♥t✐❣✉✐t② ❛♥❞ Lp ❝♦♥t✐❣✉✐t②✱ r❡s♣❡❝t✐✈❡❧②✳
▲❡♠♠❛ ✹✳✶ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ t❤❡♥
∆N,p,fk ≤ L ∆N,p,ak−1 , ✭✶✶✮
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✶✺
✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ t❤❡♥
∆N,p,fk ≤ L ∆N,p r,ak−1 (1 + |M¯N,s p r
′,a
k−1 |s) + L |∆N,p (s+1),ak−1 |s+1 , ✭✶✷✮
✇❤❡r❡ r, r′ ❛r❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r′ = 1✱ ❛♥❞ ✐♥ ❛♥② ❝❛s❡
∆N,p,ak ≤ Ck (∆N,p,fk + (2 |∆N,2,fk |2 + 4 M¯N,2,fk ∆N,2,fk + εNk ) (∆N,p,fk + R¯N,pk )) , ✭✶✸✮
✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s ♦r ♥♦t✳
Pr♦♦❢✳ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✻✮ t❤❛t
(
1
N
N∑
i=1
|Xi,fk − X¯i,fk |p )1/p ≤ L (
1
N
N∑
i=1
|Xi,ak−1 − X¯i,ak−1|p )1/p ,
♦r ✐♥ ♦t❤❡r ✇♦r❞s
∆N,p,fk ≤ L ∆N,p,ak−1 ,
✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ t❤❡♥ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✼✮ t❤❛t
(
1
N
N∑
i=1
|Xi,fk − X¯i,fk |p)1/p ≤ L (
1
N
N∑
i=1
|Xi,ak−1 − X¯i,ak−1|p (1 + |X¯i,ak−1|s)p)1/p
+ L (
1
N
N∑
i=1
|Xi,ak−1 − X¯i,ak−1|p (s+1) )1/p ,
❛♥❞ ✉s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦❧ t❤❡ ✜rst t❡r♠✱ ②✐❡❧❞s
(
1
N
N∑
i=1
|Xi,ak−1 − X¯i,ak−1|p (1 + |X¯i,ak−1|s)p)1/p
≤ ( 1
N
N∑
i=1
|Xi,ak−1 − X¯i,ak−1|p r)1/p r (
1
N
N∑
i=1
(1 + |X¯i,ak−1|s)p r
′
)1/p r
′
≤ ( 1
N
N∑
i=1
|Xi,ak−1 − X¯i,ak−1|p r)1/p r (1 + (
1
N
N∑
i=1
|X¯i,ak−1|s p r
′
)1/p r
′
) ,
✇❤❡r❡ r, r′ ❛r❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s
∆N,p,fk ≤ L ∆N,p r,ak−1 (1 + |M¯N,s p r
′,a
k−1 |s) + L |∆N,p (s+1),ak−1 |s+1 .
❙✐♠✐❧❛r❧②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✽✮ ❛♥❞ ✭✾✮ t❤❛t ✐♥ ❛♥② ❝❛s❡
|Xi,ak − X¯i,ak | ≤ ‖I −Kk(P¯k) Hk‖ |Xi,fk − X¯i,fk |
+ ‖Kk(PNk )−Kk(P¯k)‖ ‖Hk‖ |Xi,fk − X¯i,fk |
+ ‖Kk(PNk )−Kk(P¯k)‖ |Yk −Hk X¯i,fk + V ik |
≤ ‖I −Kk(P¯k) Hk‖ |Xi,fk − X¯i,fk |
+ ‖I −Kk(P¯k) Hk‖ ‖Hk‖
2
λmin(Rk)
‖PNk − P¯k‖ |Xi,fk − X¯i,fk |
+ ‖I −Kk(P¯k) Hk‖ ‖Hk‖
λmin(Rk)
‖PNk − P¯k‖ |Yk −Hk X¯i,fk − V ik |
≤ Ck ( |Xi,fk − X¯i,fk |+ ‖PNk − P¯k‖ ( |Xi,fk − X¯i,fk |+ |Yk −Hk X¯i,fk − V ik | )) ,
❘❘ ♥➦ ✼✵✶✹
✶✻ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s ♦r ♥♦t✱ ✇❤❡r❡
Ck = ‖I −Kk(P¯k) Hk‖ max(1, ‖Hk‖
λmin(Rk)
,
‖Hk‖2
λmin(Rk)
) ,
❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
(
1
N
N∑
i=1
|Xi,ak − X¯i,ak |p)1/p ≤ Ck ( (
1
N
N∑
i=1
|Xi,fk − X¯i,fk |p)1/p
+ ‖PNk − P¯k‖ (
1
N
N∑
i=1
|Xi,fk − X¯i,fk |p)1/p
+ ‖PNk − P¯k‖ (
1
N
N∑
i=1
|Yk −Hk X¯i,fk − V ik |p)1/p ) ,
♦r ✐♥ ♦t❤❡r ✇♦r❞s
∆N,p,ak ≤ Ck (∆N,p,fk + ‖PNk − P¯k‖ (∆N,p,fk + R¯N,pk )) ,
❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❢r♦♠ ✭✶✵✮ t❤❛t
‖PNk − P¯k‖ ≤ ‖PNk − P¯Nk ‖+ ‖P¯Nk − P¯k‖ ≤ 2 |∆N,2,fk |2 + 4 M¯N,2,fk ∆N,2,fk + εNk ,
❤❡♥❝❡
∆N,p,ak ≤ Ck (∆N,p,fk + (2 |∆N,2,fk |2 + 4 M¯N,2,fk ∆N,2,fk + εNk ) (∆N,p,fk + R¯N,pk )) . ✷
✹✳✶ ❆❧♠♦st s✉r❡ ❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡❧❡♠❡♥ts
Pr♦♣♦s✐t✐♦♥ ✹✳✷ ■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r p ❢♦r s♦♠❡
p ≥ 2✱ t❤❡♥
∆N,p,fk −→ 0 ❛♥❞ ∆N,p,ak −→ 0 ,
❢♦r t❤❡ s❛♠❡ ♦r❞❡r p✱ ❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳
■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥
∆N,p,fk −→ 0 ❛♥❞ ∆N,p,ak −→ 0 ,
❢♦r ❛♥② ♦r❞❡r p✱ ❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳
Pr♦♦❢ ✭❜② ✐♥❞✉❝t✐♦♥✮✳ ■♥✐t✐❛❧❧②
∆N,p,f0 = (
1
N
N∑
i=1
|Xi,f0 − X¯i,f0 |p)1/p = 0 .
■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✶✮ ❤♦❧❞s✱ ✐✳❡✳
∆N,p,fk ≤ L ∆N,p,ak−1 ,
❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t∆N,p,fk −→ 0 ❛❧♠♦st s✉r❡❧② ❛sN ↑ ∞✱ ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇
❤♦❧❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✷✮ ❤♦❧❞s✱ ✐✳❡✳
∆N,p,fk ≤ L ∆N,p r,ak−1 (1 + |M¯N,s p r
′,a
k−1 |s) + L |∆N,p (s+1),ak−1 |s+1 ,
❛♥❞ s✐♥❝❡ M¯N,s p r
′,a
k−1 −→ M¯s p r
′,a
k−1 ❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✱ ✇✐t❤ ❛ ✜♥✐t❡ ❧✐♠✐t M¯s p r
′,a
k−1 ✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡
✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ∆N,p,fk −→ 0 ❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳ ■♥ ❛♥② ❝❛s❡ ❡st✐♠❛t❡ ✭✶✸✮ ❤♦❧❞s✱ ✐✳❡✳
∆N,p,ak ≤ Ck (∆N,p,fk + (2 |∆N,2,fk |2 + 4 M¯N,2,fk ∆N,2,fk + εNk ) (∆N,p,fk + R¯N,pk )) ,
✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s ♦r ♥♦t✱ ❛♥❞ s✐♥❝❡ M¯N,2,fk −→ M¯2,fk ❛♥❞ R¯N,pk −→ R¯ pk ❛❧♠♦st
s✉r❡❧② ❛s N ↑ ∞✱ ✇✐t❤ ✜♥✐t❡ ❧✐♠✐ts M¯2,fk ❛♥❞ R¯ pk ✱ ❛♥❞ s✐♥❝❡ εNk −→ 0 ❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞ ✐♥ ✈✐❡✇ ♦❢
▲❡♠♠❛ ✸✳✸✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ∆N,p,ak −→ 0 ❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳ ✷
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✶✼
✹✳✷ Lp✕❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡❧❡♠❡♥ts
❚❤❡ q✉❛♥t✐t✐❡s
DN,p,fk = (E|Xi,fk − X¯i,fk |p )1/p ❛♥❞ DN,p,ak = (E|Xi,ak − X¯i,ak |p )1/p ,
✇❤✐❝❤ st✐❧❧ ❞❡♣❡♥❞s ♦♥ N ✱ s✐♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ❞❡♣❡♥❞s
♦♥ t❤❡ ❡♥s❡♠❜❧❡ s✐③❡✱ ❛r❡ ✉s❡❞ t♦ ❝♦♥tr♦❧ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♠❡❛s✉r❡s ♦❢ ❝♦♥t✐❣✉✐t②✳
▲❡♠♠❛ ✹✳✸
(E|∆N,p,fk |q )1/q ≤ DN,p∨q,fk ❛♥❞ (E|∆N,p,ak |q )1/q ≤ DN,p∨q,ak ,
❛♥❞
(E|M¯N,p,fk |q )1/q ≤ M¯p∨q,fk ❛♥❞ (E|M¯N,p,ak |q )1/q ≤ M¯p∨q,ak ,
✇❤❡r❡❛s ❡q✉❛❧✐t✐❡s ❤♦❧❞ ✐❢ p = q✳
Pr♦♦❢✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣r♦♦❢✱ ❧❡t t❤❡ s✉♣❡rs❝r✐♣t • ✐♥❞❡① ❡✐t❤❡r ❢♦r❡❝❛st✕r❡❧❛t❡❞ ♦r ❛♥❛❧②s✐s✕r❡❧❛t❡❞ q✉❛♥t✐t✐❡s✳
❈❧❡❛r❧②
E|∆N,p,•k |p = E(
1
N
N∑
i=1
|Xi,•k − X¯i,•k |p) = E|Xi,•k − X¯i,•k |p = |DN,p,•k |p ,
s✐♥❝❡ (Xi,•k , X¯
i,•
k ) ❤❛✈❡ t❤❡ s❛♠❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢♦r ❛♥② i = 1, · · · , N ✱ ❜② s②♠♠❡tr②✱ ❤❡♥❝❡
(E|∆N,p,•k |p )1/p = DN,p,•k ,
✇❤✐❝❤ ♣r♦✈❡s t❤❡ r❡s✉❧t ❢♦r q = p✳ ■❢ q ≥ p✱ t❤❡♥ t❤❡ ♠❛♣♣✐♥❣ x 7→ xq/p ✐s ❝♦♥✈❡① ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❏❡♥s❡♥
✐♥❡q✉❛❧✐t② t❤❛t
|∆N,p,•k |q = (
1
N
N∑
i=1
|Xi,•k − X¯i,•k |p)q/p ≤ (
1
N
N∑
i=1
|Xi,•k − X¯i,•k |q) = |∆N,q,•k |q ,
❤❡♥❝❡
(E|∆N,p,•k |q )1/q ≤ (E|∆N,q,•k |q )1/q = DN,q,•k .
■❢ q ≤ p✱ t❤❡♥ t❤❡ ♠❛♣♣✐♥❣ x 7→ xq/p ✐s ❝♦♥❝❛✈❡ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② t❤❛t
E|∆N,p,•k |q = E(|∆N,p,•k |p)q/p ≤ (E|∆N,p,•k |p )q/p = |DN,p,•k |q ,
❤❡♥❝❡
(E|∆N,p,•k |q )1/q ≤ DN,p,•k .
❙✐♠✐❧❛r❧②
E|M¯N,p,•k |p = E(
1
N
N∑
i=1
|X¯i,•k |p) = E|X¯i,•k |p = |M¯p,•k |p ,
s✐♥❝❡ X¯i,•k ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❢♦r ❛♥② i = 1, · · · , N ✱ ❤❡♥❝❡
(E|M¯N,p,•k |p )1/p = M¯p,•k ,
✇❤✐❝❤ ♣r♦✈❡s t❤❡ r❡s✉❧t ❢♦r q = p✱ ❛♥❞ t❤❡ r❡s✉❧t ❢♦r t❤❡ t✇♦ ❝❛s❡s q ≥ p ❛♥❞ q ≤ p ❝❛♥ ❛❣❛✐♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②
s✐♠♣❧❡ ❝♦♥✈❡①✐t② ❛r❣✉♠❡♥ts✳ ✷
Pr♦♣♦s✐t✐♦♥ ✹✳✹ ■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥
sup
N≥1
√
N DN,p,fk <∞ ❛♥❞ sup
N≥1
√
N DN,p,ak <∞ ,
❢♦r ❛♥② ♦r❞❡r p✳
❘❘ ♥➦ ✼✵✶✹
✶✽ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
Pr♦♦❢ ✭❜② ✐♥❞✉❝t✐♦♥✮✳ ■♥✐t✐❛❧❧②
∆N,p,f0 = (
1
N
N∑
i=1
|Xi,f0 − X¯i,f0 |p)1/p = 0 .
■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✶✮ ❤♦❧❞s✱ ✐✳❡✳
∆N,p,fk ≤ L ∆N,p,ak−1 ,
❤❡♥❝❡
(E|∆N,p,fk |p )1/p ≤ L (E|∆N,p,ak−1 |p )1/p ,
♦r ✐♥ ♦t❤❡r ✇♦r❞s
DN,p,fk ≤ L DN,p,ak−1 ,
✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✸✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t
√
N DN,p,fk ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✇✳r✳t✳
N ✱ ✇❤❡r❡❛s ✐❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ t❤❡♥ ❡st✐♠❛t❡ ✭✶✷✮ ❤♦❧❞s✱ ✐✳❡✳
∆N,p,fk ≤ L ∆N,p r,ak−1 (1 + |M¯N,s p r
′,a
k−1 |s) + L |∆N,p (s+1),ak−1 |s+1 ,
❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
(E|∆N,p,fk |p )1/p ≤ L (E(|∆N,p r,ak−1 |p (1 + |M¯N,s p r
′,a
k−1 |s)p) )1/p + L (E|∆N,p (s+1),ak−1 |p(s+1) )1/p ,
❛♥❞ ✉s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦❧ t❤❡ ✜rst t❡r♠✱ ②✐❡❧❞s
(E(|∆N,p r,ak−1 |p (1 + |M¯N,s p r
′,a
k−1 |s)p) )1/p
≤ (E|∆N,p r,ak−1 |p r)1/p r (E(1 + |M¯N,s p r
′,a
k−1 |s)p r
′
)1/p r
′
≤ (E|∆N,p r,ak−1 |p r)1/p r (1 + (E|M¯N,s p r
′,a
k−1 |s p r
′
)1/p r
′
) ,
✇❤❡r❡ r, r′ ❛r❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s
DN,p,fk ≤ L DN,p r,ak−1 (1 + |M¯s p r
′,a
k−1 |s) + L |DN,p (s+1),ak−1 |s+1 ,
✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✸✱ ❛♥❞ s✐♥❝❡ M¯s p r
′,a
k−1 ✐s ✜♥✐t❡✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t
√
N DN,p,fk
✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✇✳r✳t✳ N ✳ ■♥ ❛♥② ❝❛s❡ ❡st✐♠❛t❡ ✭✶✸✮ ❤♦❧❞s✱ ✐✳❡✳
∆N,p,ak ≤ Ck (∆N,p,fk + (2 |∆N,2,fk |2 + 4 M¯N,2,fk ∆N,2,fk + εNk ) (∆N,p,fk + R¯N,pk ))
≤ Ck ∆N,p,fk + 2Ck ∆N,2,fk (∆N,2,fk + 2 M¯N,2,fk ) (∆N,p,fk + R¯N,pk )
+ Ck ε
N
k (∆
N,p,f
k + R¯
N,p
k ) ,
✇❤❡t❤❡r ❆ss✉♠♣t✐♦♥ ❆ ♦r ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s ♦r ♥♦t✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
(E|∆N,p,ak |p )1/p ≤ Ck (E|∆N,p,fk |p )1/p
+ 2Ck (E(|∆N,2,fk |p |∆N,2,fk + 2 M¯N,2,fk |p |∆N,p,fk + R¯N,pk |p) )1/p
+ Ck (E(|εNk |p |∆N,p,fk + R¯N,pk |p) )1/p ,
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✶✾
❛♥❞ ✉s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦❧ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠s✱
②✐❡❧❞s
(E(|∆N,2,fk |p |∆N,2,fk + 2 M¯N,2,fk |p |∆N,p,fk + R¯N,pk |p) )1/p
≤ (E|∆N,2,fk |p r )1/p r (E|∆N,2,fk + 2 M¯N,2,fk |p r
′
)1/p r
′
(E|∆N,p,fk + R¯N,pk |p r
′′
)1/p r
′′
≤ (E|∆N,2,fk |p r )1/p r ((E|∆N,2,fk |p r
′
)1/p r
′
+ 2 (E|M¯N,2,fk |p r
′
)1/p r
′
)
((E|∆N,p,fk |p r
′′
)1/p r
′′
+ (E|R¯N,pk |p r
′′
)1/p r
′′
) ,
✇❤❡r❡ r, r′, r′′ ❛r❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r′ + 1/r′′ = 1✱ ❛♥❞
(E(|εNk |p |∆N,p,fk + R¯N,pk |p) )1/p
≤ (E|εNk |p q )1/p q (E|∆N,p,fk + R¯N,pk |p q
′
)1/p q
′
≤ (E|εNk |p q )1/p q ((E|∆N,p,fk |p q
′
)1/p q
′
+ (E|R¯N,pk |p q
′
)1/p q
′
) ,
✇❤❡r❡ q, q′ ❛r❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/q + 1/q′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s
DN,p,ak ≤ Ck DN,p,fk + 2Ck DN,2∨(p r),fk (DN,2∨(p r
′),f
k + 2 M¯
2∨(p r′),f
k ) (D
N,p r′′,f
k + R¯
p r′′
k )
+ Ck (E|εNk |p q )1/p q (DN,p q
′,f
k + R¯
p q′
k ) ,
✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✸✱ ❛♥❞ s✐♥❝❡ M¯2∨(p r
′),f
k ✱ R¯
p r′′
k ❛♥❞ R¯
p q′
k ❛r❡ ✜♥✐t❡✱ ❛♥❞ s✐♥❝❡
√
N εNk ✐s ❜♦✉♥❞❡❞ ✐♥ L
p q
✉♥✐❢♦r♠❧② ✇✳r✳t✳ N ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✸✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t
√
N DN,p,ak ✐s
❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✇✳r✳t✳ N ✳ ✷
✺ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r
■♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
1
N
N∑
i=1
φ(Xi,•k )−
∫
Rm
φ(x) µ¯•k(dx)
=
1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) + (
1
N
N∑
i=1
φ(X¯i,•k )−
∫
Rm
φ(x) µ¯•k(dx) ) ,
✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t • ✐♥❞❡①❡s ❡✐t❤❡r ❢♦r❡❝❛st✕r❡❧❛t❡❞ ♦r ❛♥❛❧②s✐s✕r❡❧❛t❡❞ q✉❛♥t✐t✐❡s✱ ✐t ✐s ✐♥t✉✐t✐✈❡❧② ❝❧❡❛r
t❤❛t ❛❧♠♦st s✉r❡ ❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ❡❧❡♠❡♥ts✱ ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✱ ❛♥❞ t❤❡ str♦♥❣ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs
❢♦r t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✱ ❛❧♠♦st s✉r❡❧②✳ ❙✐♠✐❧❛r❧②✱ Lp✕❝♦♥t✐❣✉✐t②
♦❢ t❤❡ ❡❧❡♠❡♥ts✱ ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ ❛♥❞ t❤❡ ▼❛r❝✐♥❦✐❡✇✐❝③✕❩②❣♠✉♥❞ ✐♥❡q✉❛❧✐t② ❬✶✸✱ ❈❤❛♣t❡r ✸✱ ❙❡❝t✐♦♥ ✽❪
❢♦r t❤❡ s✉❜st✐t✉t❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✱ ✐♥ Lp✕♠❡❛♥✳ ❚❤❡s❡ st❛t❡♠❡♥ts ❛r❡
♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠s ✺✳✶ ❛♥❞ ✺✳✷✱ r❡s♣❡❝t✐✈❡❧②✳
✺✳✶ ❆❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡
❚❤❡♦r❡♠ ✺✳✶ ▲❡t φ ❜❡ ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳
|φ(x)− φ(x′)| ≤ L |x− x′| (1 + |x|σ + |x′|σ) ,
❢♦r ❛♥② x, x′ ∈ Rm ❛♥❞ ❢♦r s♦♠❡ σ ≥ 0✳
❘❘ ♥➦ ✼✵✶✹
✷✵ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
■❢ ❆ss✉♠♣t✐♦♥ ❆ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r p ❢♦r s♦♠❡ p ≥ max(2, σ+1)✱
t❤❡♥
1
N
N∑
i=1
φ(Xi,fk ) −→
∫
Rm
φ(x) µ¯fk(dx) ❛♥❞
1
N
N∑
i=1
φ(Xi,ak ) −→
∫
Rm
φ(x) µ¯ak(dx) ,
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳
■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥
1
N
N∑
i=1
φ(Xi,fk ) −→
∫
Rm
φ(x) µ¯fk(dx) ❛♥❞
1
N
N∑
i=1
φ(Xi,ak ) −→
∫
Rm
φ(x) µ¯ak(dx) ,
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳
Pr♦♦❢✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣r♦♦❢✱ ❧❡t t❤❡ s✉♣❡rs❝r✐♣t • ✐♥❞❡① ❡✐t❤❡r ❢♦r❡❝❛st✕r❡❧❛t❡❞ ♦r ❛♥❛❧②s✐s✕r❡❧❛t❡❞ q✉❛♥t✐t✐❡s✳
❈❧❡❛r❧②
|φ(x)| ≤M (1 + |x|σ+1) ,
❢♦r ❛♥② x ∈ Rm✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✸ t❤❛t∫
Rm
|φ(x)| µ¯•k(dx) ≤M (1 +
∫
Rm
|x|σ+1 µ¯•k(dx)) =M (1 + |M¯σ+1,•k |σ+1) <∞ ,
❤❡♥❝❡ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ str♦♥❣ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs t❤❛t
1
N
N∑
i=1
φ(X¯i,•k ) −→
∫
Rm
φ(x) µ¯•k(dx) , ✭✶✹✮
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳ ❈❧❡❛r❧②
|φ(x)− φ(x′)| ≤ L |x− x′| (1 + |x|σ) + L |x− x′|σ+1 ,
❢♦r ❛♥② x, x′ ∈ Rm✱ ✇✐t❤ ❛♥♦t❤❡r ❝♦♥st❛♥t L✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) |
≤ 1
N
N∑
i=1
|φ(Xi,•k )− φ(X¯i,•k )|
≤ L 1
N
N∑
i=1
|Xi,•k − X¯i,•k | (1 + |X¯i,•k |σ) + L
1
N
N∑
i=1
|Xi,•k − X¯i,•k |σ+1 ,
❛♥❞ ✉s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦❧ t❤❡ ✜rst t❡r♠✱ ②✐❡❧❞s
1
N
N∑
i=1
|Xi,•k − X¯i,•k | (1 + |X¯i,•k |σ)
≤ ( 1
N
N∑
i=1
|Xi,•k − X¯i,•k |r )1/r (
1
N
N∑
i=1
(1 + |X¯i,•k |σ)r
′
)1/r
′
≤ ( 1
N
N∑
i=1
|Xi,•k − X¯i,•k |r )1/r (1 + (
1
N
N∑
i=1
|X¯i,•k |σ r
′
)1/r
′
) ,
✇❤❡r❡ r, r′ ❛r❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s
| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) | ≤ L ∆N,r,•k (1 + |M¯N,σ r
′,•
k |σ) + L |∆N,σ+1,•k |σ+1 . ✭✶✺✮
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✷✶
❚❛❦✐♥❣ r = σ r′ = σ + 1 ②✐❡❧❞s
| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) | ≤ L ∆N,σ+1,•k (1 + |M¯N,σ+1,•k |σ) + L |∆N,σ+1,•k |σ+1 ,
❛♥❞ s✐♥❝❡ M¯N,σ+1,•k −→ M¯σ+1,•k ❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✱ ✇✐t❤ ❛ ✜♥✐t❡ ❧✐♠✐t M¯σ+1,•k ✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✹✳✷ t❤❛t
| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) | −→ 0 , ✭✶✻✮
❛❧♠♦st s✉r❡❧② ❛s N ↑ ∞✳ ❈♦♠❜✐♥✐♥❣ ✭✶✹✮ ❛♥❞ ✭✶✻✮ ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
1
N
N∑
i=1
φ(Xi,•k )−
∫
Rm
φ(x) µ¯•k(dx)
=
1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) + (
1
N
N∑
i=1
φ(X¯i,•k )−
∫
Rm
φ(x) µ¯•k(dx) ) ,
✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ ✷
✺✳✷ Lp✕❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡
❚❤❡♦r❡♠ ✺✳✷ ▲❡t φ ❜❡ ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤ ❛t ✐♥✜♥✐t②✱ ✐✳❡✳
|φ(x)− φ(x′)| ≤ L |x− x′| (1 + |x|σ + |x′|σ) ,
❢♦r ❛♥② x, x′ ∈ Rm ❛♥❞ ❢♦r s♦♠❡ σ ≥ 0✳
■❢ ❆ss✉♠♣t✐♦♥ ❇ ❤♦❧❞s✱ ❛♥❞ ✐❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r X0 ❤❛s ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✱ t❤❡♥
sup
N≥1
√
N (E| 1
N
N∑
i=1
φ(Xi,fk )−
∫
Rm
φ(x) µ¯fk(dx) |p )1/p <∞ ,
❛♥❞
sup
N≥1
√
N (E| 1
N
N∑
i=1
φ(Xi,ak )−
∫
Rm
φ(x) µ¯ak(dx) |p )1/p <∞ ,
❢♦r ❛♥② ♦r❞❡r p✳
Pr♦♦❢✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣r♦♦❢✱ ❧❡t t❤❡ s✉♣❡rs❝r✐♣t • ✐♥❞❡① ❡✐t❤❡r ❢♦r❡❝❛st✕r❡❧❛t❡❞ ♦r ❛♥❛❧②s✐s✕r❡❧❛t❡❞ q✉❛♥t✐t✐❡s✳
❈❧❡❛r❧②
|φ(x)| ≤M (1 + |x|σ+1) ,
❢♦r ❛♥② x ∈ Rm✱ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✸ t❤❛t
(
∫
Rm
|φ(x)|p µ¯•k(dx) )1/p ≤ M (
∫
Rm
(1 + |x|σ+1)p µ¯•k(dx)) )1/p
≤ M (1 + (
∫
Rm
|x|p(σ+1) µ¯•k(dx))1/p )
= M (1 + |M¯p(σ+1),•k |σ+1) <∞ ,
❤❡♥❝❡ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ▼❛r❝✐♥❦✐❡✇✐❝③✕❩②❣♠✉♥❞ ✐♥❡q✉❛❧✐t② t❤❛t
(E| 1
N
N∑
i=1
φ(X¯i,•k )−
∫
Rm
φ(x) µ¯•k(dx)|p )1/p ≤
cp√
N
(E|φ(X¯i,•k )−
∫
Rm
φ(x) µ¯•k(dx)|p )1/p ,
♦r ✐♥ ♦t❤❡r ✇♦r❞s
sup
N≥1
√
N (E| 1
N
N∑
i=1
φ(X¯i,•k )−
∫
Rm
φ(x) µ¯•k(dx)|p )1/p <∞ . ✭✶✼✮
❘❘ ♥➦ ✼✵✶✹
✷✷ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
❯s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✶✺✮ t❤❛t
(E| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) |p )1/p ≤ L (E(|∆N,r,•k |p (1 + |M¯N,σ r
′,•
k |σ)p) )1/p
+ L (E|∆N,σ+1,•k |p(σ+1) )1/p ,
❛♥❞ ✉s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡♥ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛❣❛✐♥ t♦ ❝♦♥tr♦❧ t❤❡ ✜rst t❡r♠✱ ②✐❡❧❞s
(E(|∆N,r,•k |p (1 + |M¯N,σ r
′,•
k |σ)p) )1/p
≤ (E|∆N,r,•k |p r )1/p r (E(1 + |M¯N,σ r
′,•
k |σ)p r
′
)1/p r
′
≤ (E|∆N,r,•k |p r )1/p r (1 + (E|M¯N,σ r
′,•
k |σ p r
′
)1/p r
′
) ,
✇❤❡r❡ r, r′ ❛r❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥ts✱ ✐✳❡✳ 1/r + 1/r′ = 1✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s
(E| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) |p )1/p ≤ L DN,p r,•k (1 + |M¯σ p r
′,•
k |σ) + L |DN,p (σ+1)k |σ+1 ,
✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✸✱ ❛♥❞ s✐♥❝❡ M¯σ p r
′,•
k ✐s ✜♥✐t❡✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✹ t❤❛t
sup
N≥1
√
N (E| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) |p )1/p <∞ . ✭✶✽✮
❈♦♠❜✐♥✐♥❣ ✭✶✼✮ ❛♥❞ ✭✶✽✮ ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
(E| 1
N
N∑
i=1
φ(Xi,•k )−
∫
Rm
φ(x) µ¯•k(dx)|p )1/p
≤ (E| 1
N
N∑
i=1
(φ(Xi,•k )− φ(X¯i,•k )) |p )1/p + (E|
1
N
N∑
i=1
φ(X¯i,•k )−
∫
Rm
φ(x) µ¯•k(dx) |p )1/p ,
✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ ✷
✻ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s s❤♦✇ t❤❛t
• ❢♦r ❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✱ ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤
●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ❡❧❡♠❡♥ts ❝♦♥✈❡r❣❡s t♦ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r✱
• ❤♦✇❡✈❡r✱ ❢♦r ♥♦♥❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s
❛♥❞ ✇✐t❤ ♥♦♥✕♥❡❝❡ss❛r✐❧② ●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♥s❡♠❜❧❡
❡❧❡♠❡♥ts ❝♦♥✈❡r❣❡s t♦ t❤❡ ✇r♦♥❣ ❧✐♠✐t✱ ✐✳❡✳ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❞✐✛❡rs ❢r♦♠ t❤❡ ✉s✉❛❧
❇❛②❡s✐❛♥ ✜❧t❡r✳
❚❤✐s ♠❛② ❜❡ s❡❡♥ ❛s ❛ ♥❡❣❛t✐✈❡ r❡s✉❧t✱ ❛♥❞ t❤❡ q✉❡st✐♦♥ t❤❛t ♥❛t✉r❛❧❧② ❛r✐s❡ ✐s ✇❤❡t❤❡r ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣r♦✈❡
t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✐♥ s♦♠❡ ✇❛②✳ ■♥❞❡❡❞✱ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❝❧❛ss ♦❢ ▼♦♥t❡ ❈❛r❧♦✕❜❛s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥s
t♦ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❜♦t❤ ♣r❛❝t✐❝❛❧❧② ❛♥❞ t❤❡♦r❡t✐❝❛❧❧② ❬✹✱ ✻✱ ✼❪✱ ❛♥❞ ✇❤✐❝❤
❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛ ♠✉❝❤ ❜r♦❛❞❡r ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r ♠♦❞❡❧s ♦r ❡✈❡♥ ♠♦r❡ ❣❡♥❡r❛❧ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s✳ ❚❤❡s❡
♣❛rt✐❝❧❡ ✜❧t❡rs ♣r♦✈✐❞❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r ✐♥ t❡r♠s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥
µNk =
N∑
i=1
wik δξik
✇✐t❤
N∑
i=1
wik = 1 ,
■◆❘■❆
▲❛r❣❡ ❙❛♠♣❧❡ ❆s②♠♣t♦t✐❝s ❢♦r t❤❡ ❊♥s❡♠❜❧❡ ❑❛❧♠❛♥ ❋✐❧t❡r ✷✸
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ N ♣❛rt✐❝❧❡s✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡✐r ♣♦s✐t✐♦♥s (ξ1k, · · · , ξNk ) ❛♥❞ t❤❡✐r ♥♦♥♥❡❣❛t✐✈❡
✇❡✐❣❤ts (w1k, · · · , wNk )✳ ▼❛♥② ❞✐✛❡r❡♥t ✈❛r✐❛♥ts ♦❢ ♣❛rt✐❝❧❡ ✜❧t❡rs ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♥s✇❡rs
t♦ ✐ss✉❡s s✉❝❤ ❛s ✿ ❤♦✇ t♦ ✐♥✐t✐❛❧✐③❡ t❤❡ ♣❛rt✐❝❧❡ s②st❡♠✱ ❤♦✇ t♦ ♠♦✈❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s✱ ❤♦✇ t♦ ✉♣❞❛t❡ ♣❛rt✐❝❧❡
✇❡✐❣❤ts✱ ❤♦✇ t♦ ❡①♣❧♦✐t ♣❛rt✐❝❧❡ ✇❡✐❣❤ts✱ ❡t❝✳ ▼❛♥② ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❤♦❧❞ ❣❡♥❡r✐❝❛❧❧② ❛s t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡
N ❣♦❡s t♦ ✐♥✜♥✐t②✱ ✇✐t❤ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r ❛s t❤❡ ❧✐♠✐t✱ ❡✳❣✳ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ Lp✕♠❡❛♥
(E|
N∑
i=1
wik φ(ξ
i
k)−
∫
Rm
φ(x) µk(dx) |p )1/p −→ 0 ,
❢♦r ❛♥② ♦r❞❡r p ❛s N ↑ ∞✱ ❛♥❞ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠
√
N (
N∑
i=1
wik φ(ξ
i
k)−
∫
Rm
φ(x) µk(dx)) =⇒ N(0, vk(φ)) ,
✐♥ ❞✐str✐❜✉t✐♦♥ ❛s N ↑ ∞✱ ✇✐t❤ ❛ ♠♦r❡ ♦r ❧❡ss ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ vk(φ)✱ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳
❋♦r ♥♦♥❧✐♥❡❛r s②st❡♠s ♣r❡❝✐s❡❧② ♦❢ t❤❡ ❢♦r♠
Xk = fk(Xk−1) +Wk ✇✐t❤ Wk ∼ N(0, Qk)
Yk = Hk Xk + Vk ✇✐t❤ Vk ∼ N(0, Rk) ,
✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡s ❛♥❞ ✇✐t❤ ♥♦♥✕♥❡❝❡ss❛r✐❧② ●❛✉ss✐❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐✲
t✐♦♥ X0 ∼ η0✱ t❤❡ ❢❛✈♦r✐t❡ ♣❛rt✐❝❧❡ ✜❧t❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❬✽✱ ❙❡❝t✐♦♥ ■■✳❉❪ ❝♦♥s✐sts ✐♥ s❛♠♣❧✐♥❣ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ Xk ❣✐✈❡♥ Xk−1 ❛♥❞ Yk✱ ❛♥❞ ❛ss✐❣♥✐♥❣ ✇❡✐❣❤ts ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ Yk ❣✐✈❡♥ Xk−1✳ ❚❤✐s r❡s✉❧ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ✿ ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♠✉t❛t✐♦♥
st❡♣✱ ❣✐✈❡♥ ❛ ♣♦♣✉❧❛t✐♦♥ (ξ1k−1, · · · , ξNk−1) ♦❢ N ♣❛rt✐❝❧❡s✱ ❡❛❝❤ ♣❛rt✐❝❧❡ ✐s ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝❝♦r❞✐♥❣
t♦
ξi,−k = fk(ξ
i
k−1) +W
i
k ✇✐t❤ W
i
k ∼ N(0, Qk) . ✭✶✾✮
◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (W 1k , . . . ,W
N
k ) ❛r❡ s✐♠✉❧❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡ Wk ✐♥ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ (ξ
1,−
0 , · · · , ξN,−0 ) ✐s s✐♠✉❧❛t❡❞ ❛s ✐✳✐✳❞✳
r❛♥❞♦♠ ✈❡❝t♦rs ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ η0✱ ✐✳❡✳ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X0✳ ■♥ t❤❡
s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♠✉t❛t✐♦♥ st❡♣✱ ❡❛❝❤ ♣❛rt✐❝❧❡ ✐s ♣r♦♣❛❣❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝❝♦r❞✐♥❣ t♦
ξik = ξ
i,−
k +Kk(Qk) (Yk −Hk ξi,−k − V ik ) ✇✐t❤ V ik ∼ N(0, Rk) , ✭✷✵✮
✇✐t❤ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐①
Kk(Qk) = QkH
∗
k (HkQkH
∗
k +Rk)
−1 .
◆♦t✐❝❡ t❤❛t t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❡❝t♦rs (V 1k , . . . , V
N
k ) ❛r❡ s✐♠✉❧❛t❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s t❤❡ ❛❞❞✐t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡ Vk ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♦❜s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳ ❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ♠✉t❛t✐♦♥ st❡♣s t♦❣❡t❤❡r ②✐❡❧❞s
ξik = (fk(ξ
i
k−1) +W
i
k) +Kk(Qk) (Yk −Hk (fk(ξik−1) +W ik)− V ik )
= fk(ξ
i
k−1) +Kk(Qk) (Yk −Hk fk(ξik−1)) + (I −Kk(Qk)Hk)W ik −Kk(Qk) V ik ,
s♦ t❤❛t✱ ❝♦♥❞✐t✐♦♥❛❧❧② ✇✳r✳t✳ ξik−1 = x✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r ξ
i
k ✐s ●❛✉ss✐❛♥ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r
mk(x) = fk(x) +Kk(Qk) (Yk −Hk fk(x)) ,
❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
(I −Kk(Qk)Hk) Qk (I −Kk(Qk)Hk)∗ +Kk(Qk) Rk (Kk(Qk))∗ = (I −Kk(Qk)Hk) Qk .
■♥ t❤❡ ✇❡✐❣❤t✐♥❣ st❡♣✱ ❡❛❝❤ ✇❡✐❣❤t ✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦
wik ∝ wik−1 exp{− 12 (Yk −Hk fk(ξik−1))∗ Ξ−1k (Yk −Hk fk(ξik−1)) } ,
❘❘ ♥➦ ✼✵✶✹
✷✹ ▲❡ ●❧❛♥❞✱ ▼♦♥❜❡t ✫ ❚r❛♥
✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Ξk = HkQkH∗k +Rk✳
❊✈❡♥ ✇✐t❤ t❤✐s ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡ ❞✐str✐❜✉t✐♦♥✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t t❤❡ ♣❛rt✐❝❧❡ ✇❡✐❣❤ts
(w1k, · · · , wNk ) ❞❡❣❡♥❡r❛t❡✱ ✐✳❡✳ ❞❡♣❛rt s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ ❡q✉✐❞✐str✐❜✉t✐♦♥✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛ ❢❡✇ ♣❛rt✐❝❧❡s ♦♥❧②✱
♦r ❡✈❡♥ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡✱ ❣❡t ♠♦st ♦❢ t❤❡ ✇❡✐❣❤t✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❛ ❣♦♦❞ ✐❞❡❛ t♦ r❡s❛♠♣❧❡ t❤❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s
(ξ1k, · · · , ξNk ) ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r r❡s♣❡❝t✐✈❡ ✇❡✐❣❤ts✱ s♦ t❤❛t ♣❛rt✐❝❧❡s ✇✐t❤ ❧♦✇ ✇❡✐❣❤ts ❛r❡ ❞✐s❝❛r❞❡❞✱ ✇❤❡r❡❛s
♣❛rt✐❝❧❡s ✇✐t❤ ❤✐❣❤ ✇❡✐❣❤ts ❛r❡ r❡♣❧✐❝❛t❡❞✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ✇❛②s t♦ ♣❡r❢♦r♠ t❤❡ r❡s❛♠♣❧✐♥❣ st❡♣✱ ❛♥❞
❛❞❛♣t✐✈❡ r✉❧❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❞❡❝✐❞❡ ♦♥✕❧✐♥❡ ✇❤❡♥ t♦ r❡s❛♠♣❧❡✳
■t ❤❛s r❡❝❡♥t❧② ❜❡❡♥ r❛✐s❡❞ ❬✶✷✱ ✶✾❪ ❤♦✇❡✈❡r✱ t❤❛t ♣❛rt✐❝❧❡ ✜❧t❡rs ♠❛② ❝♦❧❧❛♣s❡ ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥ ✿ ✐♥❞❡❡❞✱
t❤❡ ✉s✉❛❧ ❛❞❛♣t❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ s✉❝❤ ❛s ✉s✐♥❣ ❛ ❜❡tt❡r ✐♠♣♦rt❛♥❝❡ ❞✐str✐❜✉t✐♦♥ ♦r r❡s❛♠♣❧✐♥❣✱ ❛r❡ ♥♦ ❧♦♥❣❡r
❡✣❝✐❡♥t ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✱ ❛♥❞ t❤✐s ❝❤❛❧❧❡♥❣✐♥❣ ✐ss✉❡ ✇♦✉❧❞ ❞❡s❡r✈❡ ❢✉rt❤❡r st✉❞②✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❊♥❑❋
✐s ♥♦t ❡①♣♦s❡❞ t♦ t❤✐s ❞❡❣❡♥❡r❛❝② ♣r♦❜❧❡♠✱ ❥✉st ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♥♦ ✇❡✐❣❤ts ❛tt❛❝❤❡❞ t♦ ❡❧❡♠❡♥ts✳
❚❤❡r❡ ✐s ❛❣❛✐♥ ❛ ✈✐s✐❜❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ❢♦r t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥
✜❧t❡r✱ ❛♥❞ ❡q✉❛t✐♦♥s ✭✶✾✮ ❛♥❞ ✭✷✵✮ ❢♦r t❤❡ ♣❛rt✐❝❧❡ ✜❧t❡r ✇✐t❤ ♦♣t✐♠❛❧ ✐♠♣♦rt❛♥❝❡ ❞✐str✐❜✉t✐♦♥ ✿ t❤❡ ❑❛❧♠❛♥
❣❛✐♥ ♠❛tr✐① Kk(PNk ) ✐♥ ❡q✉❛t✐♦♥ ✭✷✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P
N
k ✱ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r
♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❞❡♣❡♥❞❡♥❝❡✱ ✇❤❡r❡❛s t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐① Kk(Qk) ✐♥ ❡q✉❛t✐♦♥ ✭✷✵✮ ✐s ❜❛s❡❞
♦♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Qk ♦❢ t❤❡ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡ Wk ✐♥ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡ ❡q✉❛t✐♦♥✱
✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❞❡❝♦✉♣❧✐♥❣ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Qk ✐s ❛✈❛✐❧❛❜❧❡✱ ❛♥❞
t❤❡ ❑❛❧♠❛♥ ❣❛✐♥ ♠❛tr✐① Kk(Qk) ✐s r❡❛❞✐❧② ❝♦♠♣✉t❛❜❧❡✳ ■❢ ♥❡❝❡ss❛r②✱ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❛♠♣❧❡ ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞
✐♥ ♦r❞❡r t♦ ❛♣♣r♦①✐♠❛t❡✱ ✇✐t❤♦✉t ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Qk ✐♥ t❡r♠s ♦❢ ❛♥ ❡♠♣✐r✐❝❛❧
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳
❚❤❡ ♦t❤❡r ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡✐❣❤ts ❛tt❛❝❤❡❞ t♦ ♣❛rt✐❝❧❡s✱ ✇❤✐❝❤
❝❛♥ ❛❧s♦ ❜❡ ❡①♣❧♦✐t❡❞ t♦ r❡s❛♠♣❧❡ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ✐❢ ♥❡❡❞❡❞✱ ❛♥❞ ✇❤✐❝❤ ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ♣❛rt✐❝❧❡ ✜❧t❡r t♦ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r✳ ◗✉✐t❡ ♥❛t✉r❛❧❧②✱ ✐t ❤❛s r❡❝❡♥t❧② ❜❡❡♥ s✉❣❣❡st❡❞ ❬✶✼✱ ❈❤❛♣✐tr❡ ✷❪
t♦ ✐♥t❡r♣r❡t ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ❢♦r t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✱ ❛s ❞❡✜♥✐♥❣ ❛♥ ✐♠♣♦rt❛♥❝❡
❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥✕✜❡❧❞ ✐♥t❡r❛❝t✐♦♥✱ ❛♥❞ t♦ ❛tt❛❝❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♠♣♦rt❛♥❝❡ ✇❡✐❣❤ts t♦ t❤❡ ❡♥s❡♠❜❧❡
❡❧❡♠❡♥ts✳ ◆✉♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♣r♦✈✐❞❡❞ ❛❜♦✉t t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣r♦✈❡♠❡♥t ♦❜t❛✐♥❡❞ ✇✐t❤ t❤✐s
♠♦❞✐✜❝❛t✐♦♥✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ✇❡✐❣❤t❡❞ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r s❤♦✉❧❞ ♥♦✇ ❝♦♥✈❡r❣❡ t♦ t❤❡ ❇❛②❡s✐❛♥ ✜❧t❡r✱ ❛s
t❤❡ ❡♥s❡♠❜❧❡ s✐③❡ ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐ss✉❡ ❞❡s❡r✈❡s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢
❛ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✱ ✇❤✐❝❤ ✇♦✉❧❞ ♠❛❦❡ ✐t ♣♦ss✐❜❧❡ t♦ ❝♦♠♣❛r❡ t❤❡ ✇❡✐❣❤t❡❞ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r ❛♥❞ t❤❡
♣❛rt✐❝❧❡ ✜❧t❡r ✇✐t❤ ♦♣t✐♠❛❧ ✐♠♣♦rt❛♥❝❡ ❞✐str✐❜✉t✐♦♥✱ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❏❡✛r❡② ▲✳ ❆♥❞❡rs♦♥ ❛♥❞ ❙t❡♣❤❡♥ ▲✳ ❆♥❞❡rs♦♥✳ ❆ ▼♦♥t❡ ❈❛r❧♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✜❧t❡r✐♥❣
♣r♦❜❧❡♠ t♦ ♣r♦❞✉❝❡ ❡♥s❡♠❜❧❡ ❛ss✐♠✐❧❛t✐♦♥s ❛♥❞ ❢♦r❡❝❛sts✳ ▼♦♥t❤❧② ❲❡❛t❤❡r ❘❡✈✐❡✇✱ ✶✷✼✭✶✷✮✿✷✼✹✶✕✷✼✺✽✱
❉❡❝❡♠❜❡r ✶✾✾✾✳
❬✷❪ ▲❛✉r❡♥t ❇❡rt✐♥♦✱ ●❡✐r ❊✈❡♥s❡♥✱ ❛♥❞ ❍❛♥s ❲❛❝❦❡r♥❛❣❡❧✳ ❙❡q✉❡♥t✐❛❧ ❞❛t❛ ❛ss✐♠✐❧❛t✐♦♥ t❡❝❤♥✐q✉❡s ✐♥ ♦❝❡❛♥♦❣✲
r❛♣❤②✳ ■♥t❡r♥❛t✐♦♥❛❧ ❙t❛t✐st✐❝❛❧ ❘❡✈✐❡✇✱ ✼✶✭✷✮✿✷✷✸✕✷✹✶✱ ❆✉❣✉st ✷✵✵✸✳
❬✸❪ ●❡rr✐t ❇✉r❣❡rs✱ P❡t❡r ❏❛♥ ✈❛♥ ▲❡❡✉✇❡♥✱ ❛♥❞ ●❡✐r ❊✈❡♥s❡♥✳ ❆♥❛❧②s✐s s❝❤❡♠❡ ✐♥ t❤❡ ❡♥s❡♠❜❧❡ ❑❛❧♠❛♥ ✜❧t❡r✳
▼♦♥t❤❧② ❲❡❛t❤❡r ❘❡✈✐❡✇✱ ✶✷✻✭✻✮✿✶✼✶✾✕✶✼✷✹✱ ❏✉♥❡ ✶✾✾✽✳
❬✹❪ ❖❧✐✈✐❡r ❈❛♣♣é✱ ➱r✐❝ ▼♦✉❧✐♥❡s✱ ❛♥❞ ❚♦❜✐❛s ❘②❞é♥✳ ■♥❢❡r❡♥❝❡ ✐♥ ❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧s✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥
❙t❛t✐st✐❝s✳ ❙♣r✐♥❣❡r✕❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✷✵✵✺✳
❬✺❪ ❉❛♥ ❈r✐➩❛♥ ❛♥❞ ❆r♥❛✉❞ ❉♦✉❝❡t✳ ❆ s✉r✈❡② ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦♥ ♣❛rt✐❝❧❡ ✜❧t❡r✐♥❣ ♠❡t❤♦❞s ❢♦r ♣r❛❝t✐✲
t✐♦♥❡rs✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ✺✵✭✸✮✿✼✸✻✕✼✹✻✱ ✷✵✵✷✳
❬✻❪ P✐❡rr❡ ❉❡❧ ▼♦r❛❧✳ ❋❡②♥♠❛♥✕❑❛❝ ❋♦r♠✉❧❛❡✳ ●❡♥❡❛❧♦❣✐❝❛❧ ❛♥❞ ■♥t❡r❛❝t✐♥❣ P❛rt✐❝❧❡ ❙②st❡♠s ✇✐t❤ ❆♣♣❧✐❝❛✲
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